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Students Learning Outcomes 


After studying this unit , the students will be able to: 

1. Define 

* amatrixwithrealentriesandrelateitsrectangularlayout(formation) 
with real life, 

* rows and columns of a matrix, 

* the order of a matrix, 

* equality of two matrices. 

2. Define and identify row matrix, column matrix, rectangular matrix, 
square matrix, zero/null matrix, diagonal matrix, scalar matrix, 
identity matrix, transpose of a matrix, symmetric and skew- 
symmetric matrices. 

3. Know whether the given matrices are suitable for addition/ 
subtraction. 

4. Add and subtract matrices. 

5. Multiply a matrix by a real number. 

6. Verify commutative and associative laws under addition. 

7. Define additive identity of a matrix. 

8. Find additive inverse of a matrix. 

9. Know whether the given matrices are suitable for multiplication. 

10. Multiply two (or three) matrices. 

11. Verify associative law under multiplication. 

12. Verify distributive laws. 

13. Show with the help of an example that commutative law under 

multiplication does not hold in general (i.e., AB z BA). 

14. Define multiplicative identity of a matrix. 

15. Verify the result (AB): = BtAt. 

16. Define the determinant of a square matrix. 

17. Evaluate determinant of a matrix. 

18. Define singular and non-singular matrices. 

19. Define adjoint of a matrix. 

20. Find multiplicative inverse of a non-singular matrix A and verify 

that AA“ = I = A"A where | is the identity matrix. 

21. Useadjoint method to calculate inverse of a non-singular matrix. 
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22. Verify the result (AB)! = ВТА" 

23. Solve a system of two linear equations and related real life 
problems in two unknowns using 

* Matrix inversion method, 

* Cramer s rule. 


Introduction 


The matrices and determinants are used in the field of Mathematics, 
Physics, Statistics, Electronics and other branches of science. The 
matrices have played a very important role in this age of Computer 
Science. 

The idea of matrices was given by Arthur Cayley, an English 
mathematician of nineteenth century, who first developed, “Theory 
of Matrices” in 1858. 


1.1 Matrix 


A rectangular array or a formation of a collection of real numbers, 


13 4 
say 0, 1, 2,3, 4 and 7,suchas, , , , and then enclosed by 
T 
04 


25) 


brackets 11 is said to form a matrix Similarly 


һә 


| : : | is another matrix. 


We term the real numbers used in the formation of a matrix 
as entries or elements of the matrix. (Plural of matrix is matrices) 
The matrices are denoted conventionally by the capital letters 
A, B, C, M, N etc, of the English alphabets. 

1.1.1 Rows and Columns of a Matrix 


It is important to understand an entity of a matrix with the 


following formation 
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R, InmatrixA theentries presented in horizontal () фе | 1 à | adii. | p At : | are equal matrices. 
I g, Way are called rows. - 2 RO жеш 
In matrix A, there are three rows as shown We see that: 
Кз by R,, R, and R, of the matrix А. (a the order of matrix А = the order of matrix B 
(b) their corresponding elements are equal. Thus A= B 
2| |3 In matrix B, all the entries presented in . io х! 2 | 
sel lol 11 vertical way are called columns of the (0 L= E : | апам = Ё 4 | are not equal matrices. 
3| |2 Пап B, We see that order of L = order of M but entries in the second row and 
In matrix B, there are three columns as second column are not same, so L # M. 
OL X А; shown by C, C, and C.. B > 3 3 3 d 
It is interesting to note that all rows have same number of (1) ре | 1 2 | and Q = | zo 4 are not equal 


elements and all columns have same number of elements but number 


matrices. We see that order of P + order of Q, so P = О. 
of elements in rows and columns may not be same. 


EXERCISE 1.1 


| 1. Find the order of the following matrices. 
1.1.2 Order of a Matrix ) з 2 0 
The number of rows and columns in a matrix specifies its order. 4 Fa d 
é € C 
If a matrix M has m rows and n columns, then M is said to be of order D= | 0 | E-|b e | F=[2] 
m-by-n. For example, 6 Lc 1 
1-39: a РГ 2 3 0 : 
M= |, 9 2| IS of order 2-by-3, since it has two rows and three Эн | 12 3 | в- | 2 3 4 
> 4 sl 1 0 6| 
12 3 
columns, whereas the matrix N= /|-1 1 о | isa3-by-3 matrix and 2. Which of the following matrices are equal? 
23 7 Az[3], B=[3 5] C=[5-2], 
P=[3 2 5]isa matrix of order 1-by-3. . | 1 0 | 2 
D-[5 3], E=|¢ 2 F-|c 
1.1.3 Equal Matrices 1-1 4 0 
G=|3,3 Н = ә 1-13 3-2| 
343 6 2 
Let A and B be two matrices. Then A is said to be equal to B, 2+2 2-2] 
and denoted by A - B, if and only if; 151244 2+0 | 
(i) the order of A = the order of B 
(ii) their corresponding entries are equal. 3. Find the values of a, b, cand d which satisfy the matrix equation 
[a+c a+2b 0 -7 
Examples le-1 44-6 |^ | 3 24 | 
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1.2 Types of Matrices 


(i) Row Matrix 

A matrix is called a row matrix, if it has only one row. 
e.g., the matrix M = [2 -1 7] is a row matrix of order 1-by-3 and 
М = [1 -1]is a row matrix of order 1-by-2. 


(ii) Column Matrix 
A matrix is called a column matrix, if it has only one column. 
à 2 
eg, M- NH and N- 1 are column matrices of order 2-by-1 
1 


and 3-by-1 respectively. 


(iii) Rectangular Matrix 
A matrix M is called rectangular, if the number of rows of M is not 
equal to the number of M columns. 


1 2 7 

= |11 ВЕ C= b 2 3] апа р = |8 
e.g,A- = dum e - an - 

2 3 0 


are all rectangular matrices. The order of A is 3-by-2, the order of 
B is 2-by-3, the order of C is 1-by-3 and order of D is 3-by-1, which 
indicates that in each matrix the number of rows z the number of 
columns. 


(iv) Square Matrix 
A matrix is called a square matrix, if its number of rows is equal 
to its number of columns. 


E. 1 2 3 
eg,A- f ; B- | » and C= [3] 


are square matrices of orders, 2-by-2, 3-by-3 and 1-by-1 respectively. 


©) 
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(v) Null or Zero Matrix 
A matrix is called a null or zero matrix, if each of its entries is 0. 


e.g., | | [o o] М р | | and 


0.0 0 


J J J 


are null matrices of orders 2-by-2, 1-by-2, 2-by-1, 2-by-3 and 3-by-3 
respectively. Note that null matrix is represented by O. 


(vi) Transpose of a Matrix 

A matrix obtained by interchanging the rows into columns or 
columns into rows of a matrix is called transpose of that matrix. If A is 
a matrix, then its transpose is denoted by At. 


2 1 2 -1 
eg, (i) If A= 21 0| then A'- |2 1 4 
-1 4 -2 [з 0 -2 


1 0 2 Бай. 
(ii) If B= | Я then Bt= (0 


(ii) f C- Го 11 епс [i] 


If a matrix A is of order 2-by-3, then order of its transpose At is 3-by-2. 
(vii) Negative of a Matrix 


Let A be a matrix. Then its negative, —A is obtained by changing 
the signs of all the entries of A, i.e., 


-1 
, then —A = _2 


21 
Ap 


If A= 3 


(viii) Symmetric Matrix 
A square matrix is symmetric if it is equal to its transpose i.e., 


matrix A is symmetric, if At = A. 
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eg, (i) If M= |2 -1 4| isasquare matrix, then 
3 40 
1 23 
Mt= |2 -1 4| =M. Thus М is a symmetric matrix. 
3 40 
213 -1 3 
t 
(ii) If A= -1 2 2| thenA= |1 2 1) #A 
3 1 3 23 


Hence A is not a symmetric matrix. 


(ix) Skew-Symmetric Matrix 
A square matrix A is said to be skew-symmetric, if At = -A. 


[0 2 3| 
eg,if A- -2 01 
1-3 -1 0| 
[0 -2 -3| 325 0223 
then At = 2 0 -1| = ЦН-2) 0 -1] = E 0 | = А 
|3 1 0] 4-3) -(-1) 0 8739 


Since At = -A, therefore A is a skew-symmetric matrix. 


(x) Diagonal Matrix 
A square matrix A is called a diagonal matrix if atleast any one of 
the entries of its diagonal is not zero and non-diagonal entries are 


zero. 
100 100 000 
eg, A= |0 2 0 = |0 2 0} andC= (0 1 0, are all 
003 002 003 
diagonal matrices of order 3-by-3. 
2 0 1 0 
M = Ё ) апа № = f Д are diagonal matrices of order 2-by-2. 


(xi) Scalar Matrix 
A diagonal matrix is called a scalar matrix, if 
all the diagonal entries — are same апа non-zero. 


1. Matrices and Determinants 


koo 
For example 0 k Д where К is a constant = 0,1. 
00k 


200 
Also A= |02 0| B= l i and C =[5] are scalar matrices of 
002 


order 3-by-3, 2-by-2 and 1-by-1 respectively. 


(xii) Identity Matrix 
A diagonal matrix is called identity (unit) matrix, if all diagonal 
entries are 1. It is denoted by I. 
100 
e.g A= |0 1 0| is a 3-by-3 identity matrix, B = [ | is a 2-by-2 
001 


identity matrix, and C = [1] is a 1-by-1 identity matrix. 


Note: (i) A scalar and identity matrix are diagonal matrices. 


(1) A diagonal matrix is not a scalar or identity matrix. 


EXERCISE 1.2 


1. From the following matrices, identify unit matrices, row matrices, 
column matrices and null matrices. 


0 0 [4 
A= | В=[2 3 4], С= 1 
0 0 
6 
r5 
1 0 ‚ . , 
D=!9 | |, Е= [0], Е = | 
L7 
2. From the following matrices, identify 
(a) Square matrices (b) Rectangular matrices 
(c) Row matrices (d) Column matrices 


(e) Identity matrices (f) Null matrices 


-8 2 7 : 6 -4 1 0 die 
(i) P Ё А (i) 10) (iii) P 7 (iv) Р | (v) |3 4 
1 5 6 


О 
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Addition of A and B, written A * B is obtained by adding the entries 
of the matrix A to the corresponding entries of the matrix B. 


: dM 2 3 0 —2 3 4 
(vi) [3 10 -1] (vi) |0) (vii |-1 2 0 (іх) |0 0 eg, А+В= |у 0 6171 үр 2 3 
o om a E _[24(-2) 3+3 0+4 |-[? 6 ! 
11141 0-2 6+3 2 2 9 
3. From the following matrices, identify diagonal, scalar and unit 
VOS QUID DUREE ess 1.3.2 Subtraction of Matrices 
4 0 2 0 . 1 0 
“10-41 BFlo 41 C710 17 If A and B are two matrices of same order, then subtraction 
Da 3 0 E- 53 0 of matrix B from matrix A is obtained by subtracting the entries of 
| LO OP ^10 1 matrix B from the corresponding entries of matrix A and it is denoted 
by A - B. 
4. Find negative of matrices A, B, C, D and E when: "2 3 . 022 
g, A= andB- | | 4 з | areconformable for 


l Ж 117 2 67 ын | 5 0 
А- 0 |, B= | : me С= |. „|, | 
ш - Lo ^ subtraction. 


4 5 | А | ЧЭ" Г2 3 4 ro 2 2 
_ —: 2 : — 10, А—В = = , = | 
D=| 4 5 E-|5 3 [1 5 0 1-1 4 3 
2—0 3-2 4-2 2 1 2 
5. Find the transpose of each of the following matrices: = | 10-1) 5-4 0-3 |=12 1 3 
0 1 2 
A- | l | , В=[5 1 -6], C= | 2 —] | Some solved examples regarding addition and subtraction are given 
-2 3 0 below. I 
1 2 7 0 3 4 
2 3 2 3 | 2 
D= 0 < i= | » < Е = 3 4 (a) 1 A-[O0 -1 3 and B=|1 -1 2 |, then 
2 5 1 5 -2 7 
| | 2 | E i 
6. Verifythatif A = : | B= : o then | 2 7 0 34 
и A+B =|0 -1 3|«|1 -1 1 
(i) (AY =A (i) (B)-B 2 5 1 5 -2 7 
s З 1-0 2+3 744111 5 1 
1.3.1 Addition of Matrices 41041 аас 3-21411 -2 5 
Let A and B be any two matrices. The matrices A and B are 245 5-2 147] 17 з 8 
conformable for addition, if they have the same order. | | А p 
| 2 7 -3 
2 3 0 2:9 3 4 2 and А-В=А + (-В) = |0 -1 31-41-!1 1 —2 
e.g., A= and B= are conformable for addition : s x of 
106 i 2 3 2 5] S 2 = 


© 


=|0-1 -1«1 3-21-1-1 0 1 
2-5 542 1-7| 1-3 7 -6 
1 2 2 3 
(b If Az=|-1 3| and В=|1 2 |, then 
0 2 3 || 
1 2| |2 3 1-2 243] [3 5 
adr +|1 —2 "n 3-2 |-|0 | 
0-2 3 4 0-3 2-4 3 6 
1-2 2-3] [-1 -i 
and A-B-2|[-1-1] 3+2 |=|-2 5 
0-3 2-4 3 —2 


Note that the order of a matrix is unchanged under the operation of 
matrix addition and matrix subtraction. 


1.3.3 Multiplication of a Matrix by a Real Number 
Let A be any matrix and the real number k be a scalar. Then the 


scalar multiplication of matrix A with k is obtained by multiplying each 
entry of matrix A with k. It is denoted by kA. 


1 -1 4 
LetA= | 2 -1 0| bea matrix of order 3-by-3 and k = -2 be a real 
-1 32 
number. 
Then, 
L = 4 C20 CDEC) (24 
КА=(—2)А=(—2))2 -1 01-1(-212) (Q(-2(-9 (2X0) 
-1 3 2] [63CD (-2) (22) 
—2 2 -8 
-|-4 2 0 
2 -6 -4 


Scalar multiplication of a matrix leaves the order of the matrix 


unchanged. (2) 


1.3.4 Commutative and Associative Laws of Addition of 


Matrices 


If A and B are two matrices of the same order, then A В = В + А 


is called commulative law under addition. 


then A+B 


Similarly 


B+A = 


97 


о л 


NM 


n nm “л 


м “л 


3 
6 


0 гз -2 5 

| B= | -l | 1 

3 L 4 2 4 

07 3 -2 5 

| a 4 | 

3 4 2--4 

3-2 O+57 5 1 5 

6-4 1-1 -| 10 1 
1+2 3-4 | 6 3 —] 
—2 3.7 2 3 0 г 5 1 5 
4 1 ‚|; 6 I 4 10 2 
2—4 2 1 3 L6 3 —| 


Thus the commutative law of addition of matrices is verified: 


А+В = В+А 


If A, B and C are three matrices of same order, then 
(А+ В) + С=А + (В + С) is called associative law under addition. 


N 


Let A = | 


then (А+В)+С 


һм tA 


^ 
2 


6 


0 Ч -2 5 r1 2 
IESE 4 IE —2 0 
3 4 2-4 1 2 
23 0 $2 а Е" 1 2 
5 6 1|«|-1 4 14 J+] -2 0 
2 1 3 4 2-41/ 1 2 

2-3 3-2 0-5 Г 1 2 31 

5-1 6-4 ши -3 0 4 

2-4 1-2 3-4 L1 2 0 

5 1 5 1 2 37 6 3 

4 10 2 | + — 0 4 | 2 LO 

6 3 =] L1 2 0] 7 5 


is additive inverse of A. 


2 з 0 f/f 3 2 51 1 237\ 
А + (В +С) = 5 6 1|+{|-1 4 1]|«4|20 4| | It can be verified as 
2 1 3 \1 4 2 +4) 1 2 0J/ 2 ri -2 5 
1 2 1 1 — -1 
2 з 01 [341 -2-2 5+3 SE -] 2 |. 0 1 2 
- |; 6 11-|1-1-2 4+0 i | 3 | 0 L-3 -l 0 J 
2 1 3J 1441 242 -440 +CD D+) (D«CD 0 0 0 
23 07 [4 0 81 6 3 8 7] - 0-0 (-1)-01) (-2)4(Q) -[o 0 0|-0Q 
- E 6 11-|-3 4 5 -|2 10 6 (3) + (3) (1) 4-1) 0+0 0 0 0 
2 1 3] L5 4 +4) 7 5 I] -A -2 17 | 2 13 
Thus the associative law of addition is verified: (А + B) + C =A + (В +С) B+A = 0 1 2) 4 | 0 -1 -2 
-3--1 0 з 1 0] 
1.3.5 Additive Identity of a Matrix (-1)+(1) (2) + (2) (1) + (1) 1 0 0 0 
-| 0+0 (1)+(-1) (2)+(—2) -[o 0 0 | -0 
| AT 2 | ) 0 0 
f A and B are two matrices of same order and C240) CDU lido | 
А + В= А = В +A, then matrix B is called additive identity of matrix A. sinceA* B-O-B*A. 
For any matrix A and zero matrix O of same order, O is called additive Therefore, A and B are additive inverses of each other. 
identity of A as 
А+О= А= О+А 
Ан 1 21. do- 0 0 
ue P Sf 19 D 1. Which of the following matrices are conformable for addition? 
| 1 2 0 0 | 2 ) А 1 0 281 
then А+0= |. 551910 о | =| 3 =A "T `^ В-12 С= |2 -1 ра] 
-1 3 l : 3 
0 0] | 2 [1 2 2 А B 
O+A= о 011713 sl=l3 5 =A r0 3 2 
Е = | 2b F= | 1+1 —4 
~ 3-2 241 
1.3.6 Additive Inverse of a Matrix 
A+B=O=B+A, ) 4 ri 0 -1 r4 
. . Ё — p = 2 —] 3 ME 
then A and B are called additive inverses of each other. Ap x В 32-11 шаал 2 
Additive inverse of any matrix A is obtained by changing to о 
negative of the symbols (entries) of each non zero entry of A. p-|3 2 p.|! 9 | p- МЕ 1 
r1 2 1 | 1,1] 10]? | -1 42 
Let A= 0 —] —2 | 
L3 1 0 [p oj [1] . 1 2 3 
then В-(-А)-- | 0 -1 2 | = 0 | 2 
3 | N —1 —1 3 
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| | | | -2| 7 (i) (A+B) = А+ В: (ii) (A-B)-A'- В: 
(i) А+), ‚| (ji) | B*| 4| iii с=+[-213] (iii) A + Atis symmetric (iv) A- At is skew symmetric 
(v) B+Btis symmetric (vi) B - Btis skew symmetric 


010 
(iv) D+|., | (V) 2A (vi) (-1)B T" 
201 1.4 Multiplication of Matrices 


(vii) (-2) C (vii) 3D (ix) 3C 
4. Perform the indicated operations and simplify the following: 


(11 0] fo 21) [1 1] _ [1 0]| ik 2 
| MI ol (ii) lo 1 


Two matrices A and B are conformable for multiplication, giving 
| product AB, if the number of columns of A is equal to the number of 
a ll rows of B. 


e.g., let A= | м and В= | . Here number of columns 


1 1 J 
2 2 of A is equal to the number of rows of B. So A and B matrices are 
3 3 


(i) [2 3 1]+([1 0 2]-[2 2 2]) (iv) =|-1 -1 -1|+|2 
0 1 2 3 conformable for multiplication. 
123 | 0-7 Multiplication oftwo matrices is explained by the following examples. 
ат Р н | [МЫРЫ | _ _ [20 2 0 
(v) | | | m (vi) | lo 1 1 of | I | (i) IfA=[1 2]апаВ= 3 1 then AB = Ropa 1 
ui | | =[1х2+2х3 1х0+2х1]=[2+6 0+2]=[8 2] isa 1-by- 
1 23 1 441 -1 00 2 matrix. 
5. Forthe matrices A= |2 3 1 В= |2 2 2andC- 0-23 . 1 3 -1 0 
verify the following rules. I1 3| [-1 0| [Ix(-D«43x3 1х0+3х2 
(i) А+С= С+А (ii) A+B=BtA AB Ss а |] 3 2 zi 2(-1)-(-333) 2x0+(—3)(2) 
(1) B+C=C+B (iv) A+(B+A)=2A+B 1 2 ВЭ P / 
: -1-9 0-6 8 6 | : 
(v) (C-B)+A=C+(A-B) (v) 2А+В=А+(А+В) - | 2-0 оо =| |, is a 2-by-2 matrix. 
(vii) (C-B) A=(C-A)-B (vii) (A+B) +C=A+(B+Q T малд 
(х) A*(B-C)-(A-CO +В (x) 2A*2B-2(A*B) 1.4.1 Associative Law under Multiplication 
М [ 1 -2 | 10 7| А А 
6. If A= 3 4| ad B=/_3 gp find (i) 3A - 2B If A, B and C are three matrices conformable for multiplication 
(ii) 2A: — ЗВ: then associative law under multiplication is given as (AB)C = A(BC) 
[24] „[1 6) 7 10 | ж Г жы? = | 
7. if 2| - : zu 415118 | |. then find a and b. CERES E | EE Ё jj “ARGC | AEM 
[1 2] [1 1 : Р RI E 
A = А = 2 310 I| 2 2 
8. IfA= 0 1 B-|5 0 then verify that L.H.S. = (АВ)С _ | | | | : | 1 | 7 


Q7) 


| 2x0+3x3 ol 2 d л 41193 3] 2х2-3х2  2х3-3х1 
-1-150-0х3 -1х14-0х11-1 0 = | "az -— "M" 
- - > | 0112 1 | —1х2+0х2 -1х3-0х1 
[049 2-3 2 2 - p 
= |0+0 -1-011-1 0 4-6 id | 10 9 
Е И Й 2 2 | 9x2 --5x(—l) 9х2-5х0 i Ee -3-0| 7 | —2 _3| 
[0 -1j[-1 0j (0х24(-0х(4) 0х241-0х0 | р р Г 
a 1840] К 18 | R.H.S. - AB * AC 
0-1 04 0 | 1 0 | | 2 Ab І | 2 | го 2] 
- | 
2 3110 11 2 2 3 | | 
- - -1 013 1! |-1 0!!-1 0 
esaeo- (2 EE 2] -i olo ate ollar 
| 2х0+ 3х3 2х1-3х 1 2х2-3х(-1) 2х2+ 3х0 
1 х? ++ = + Э all ] = + 
- 2 3||0х241х(4) 0х2+1х0 Е бн | -1 0 -1х0-0х3 -1х1-0х1 -1х240х(-1) -1х2-0х0 
-1-0113х2-41х(-1) 3х2-1х0 -1 0 | 5 Я E | "ax | | 
| 1 | 9 5 1 4 9-1 5+4 I0 9 CHE 
- - - = = Ї = = = L.n.« 
2(--1)-3х5. 2х0+3х6 | [-2+15 0+18 lo EI 2 -2! [0-2 -1-2 |7| -2 -3| 
13 18] A(B + С) = АВ + АС; Similarly we can verify (ii). 
| 10 | = (AB)C 
The associative law under multiplication of matrices is verified. х саас дасгал ЦЭВ эж саадыг 
3 3 © | [I2 1 -- 
А | . P | Эр Let A= 0 1 B= 0 and C= 1 2 , then in (1) 
1.4.2 Distributive Laws of Multiplication over Addition and 4 
Subtraction аз] 
[2 3]/[-1 1] 2 1 
10 TIN 1 017111 2| 
[2 31(1-1-2 1-1 |) 2 3 | 3 0 
| к адар ~ LO RIAL a 0-2 (10 1 0 -2 
(i) A(B +С) = AB + AC (Left distributive law) | 
(ii) (A+ B)C = AC + BC (Right distributive law) а EESSI еке) 
T (0)3(-3)-1х0 0х0-01)3(-2) 
2 3 0 |] | 2 2 | Bent үр | 
Let A= 1 0 B= | 3 у | and C= 0 |» then in (1) = 9+0 0-6 = -5. 1-9 
- : -1 0] | 0+0 0—2 10 -2 
L.H.S = A (B+C) R.H.S.=AB-A 
" Е А FS 31]1[-1 1] 2 3112 1] 
| е э |) 7 2 Э Э - - 
E 2 5) Ч 2 NIE Z d Bain ini 10 1111 0 | (0 1111 2 | 
-1:01(3:111-1:01) 1-1:01 3-1 140| 


Е pa E31) кш [2х2+3х1 2х1+3х2 | 

0(-1)-1(1)  0(1)41(0)17 (0х2-1х1 0х14-1х2: 
=| | 2 7 81 [1-7 2-24 - p 
Ни 01711 Дд |. Е \ 


1-1 90-21710 2 


айг 


which shows that 
A(B - C) = AB - AC; Similarly (ii) can be verified. 


1.4.3 Commutative Law of Multiplication of Matrices 


AB- o 1][1 0] [0х1+1х0 0x0+1(-2)] [0 -2 
[2 ЗО -2| |2х1-3х0 2х0+3(—2)| |2 -6| 
1 010 1 1x04 0x2 1х1+0х3 | 0 1| 
and BA= = = 
[0 -2||2 3] [0х0+(-2)х2 0x1+3(-2)| |-4 -6 


Which shows that, AB # BA 

Commutative law under multiplication in matrices does not hold in 
general i.e., if A and B are two matrices, then AB # BA. 

Commutative law under multiplication holds in particular case. 


| peo -3 0 
e.g if A= Р | and B= E Л then 


2 0][-3 0 
AB = | 
0 1]| 0 4 


2x(-3)+0x0 2х0-0х4 -6 0| 
“Т0х(-3) +1х0 0х0+1х4 | = 


| '-3 012 0 

and BA =| 0 allo | 
[-3x240x0 -3х0-0х1| 1-6 0] 
0x2-4x0 0х0-44х1 zi 0 n 


Which shows that AB - BA. 


1.4.4 Multiplicative Identity of a Matrix 


Let A be a matrix. Another matrix B is called the identity matrix 


of A under multiplication if 


AB=A=BA 
If A= | : B= e Ї 
сеге = o 1} "en 
AB = ] A E " 1х1+2х0 1х0-2х 1 
0 -3 O0 1] 0x1-4(—3)x0 0x0-c-(—3)(1) 
| 2 
АР 3 
1-0 | | 2 1х1+0х0 1х2-0х(-43) 
BA = 1 = r , 9 А 2 
0-1 0 -3 Ох1+1х0 Ох2+1х(—3) 


|o» 
= 0 -3 
Which shows that AB = A= BA. 
1.4.5 Verification of (АВ)! = Bt A! 


If A, B are two matrices and At, Bt are their respective 
transpose, then (АВ): = ВА. 


7 


3 
0 


е... 


| | 
| апа В= | 
-1 -2 


0 
L.H.S. - (AB) 


[2 1. 3]Y | 2x14 1x(—2) 2х3-1х0 | 


© 10x1+(-1)x(-2) 0х3-(-1)х0 


[2-2 6-01 [0 61 [0 2 
“1042 0+0! “1, 0! "16 0 


— 


R.H.S. = B' A‘ 
‚ Го it ^ 
(A) =| 


р > 0 | B t l А 44 
- and (Б) = = › 
0 -1 | =| L x] -2 0| 3 0 


3х240х1 3х0-40х(-1) 


@) 


211 
B | А - 
3 


1x2 4- (22)x1 AUD 


(12-42 0-2 0 2 
= | - |= L.H.S. 
16-0 0+0 6 0| 


Thus (AB) -ВА 


1. 


Which of the following product of matrices is conformable for 


multiplication? 


(1) 0 21| 3 | (11) E 0111 3 | 


(111) 


| |I -17 
3 2 
(v) AE | 0 2 
3 


3-0 6 
ra=] i j| ЯН find (i) AB (ii) BA (if possible) 
Find the following products. 
(0 [1 2] 4 (i) [1 2] Е (11) 1-3 0] : 
| 2 
(iv) 6 -9 4 | (v) 3 TIN 2 
пу) [6 9] | 0 | (v) Е lo Mam 
6 -l 
Multiply the following matrices. 
2 3 1 2 
(а)| 1 1 Ё E (b) P : | 3 4 
3 0 4 5 6 
0 -2 -1 1 
2 2 о 
123 8 5 2 
о |З 4 Р 5 1 (0) Р А 
1 1 -4 4 


5. мА=| „ 0|,В= |2 д|амС-|, „|. verify 
whether 
(i) AB = BA. (1) ^ A(BC) = (AB)C 
(iii) A(B + С) = AB + AC (iv) A(B-C)- AB- AC 
6.  Forthe matrices 
-1 3 l 2 . —2 6 
A-|5 gp В=| з 5p C=] з 9 


Verify that (i) (AB = B'A* (ii) (BC) = Ct Bt, 


1.5.1 Determinant of a 2-by-2 Matrix 


a b 


d be a 2-by-2 square matrix. The determinant of A, 


Let A = 


denoted by det A or | А | is defined as 
b a b 


415 P —-ad—-bc-XAeR 


IAI = det A = det 


с“ 1 
eg, LetBz| 5 4|. 
11 Е 
Then IBl=detB= | _, 4 | =1x3-(-2)(1I)=3+2=5 
: 2 6 2 6 | 
I Mz 1 3 , then det M = | 3 =2x3-1x6=0 


1.5.2 Singular and Non-Singular Matrix 


A square matrix A is called singular, if the determinant of A is 
equal to zero. i.e., |A | = 0. 


1.21. | | 
For example, A = [ | is a singular matrix, 


since detA=1x0-0x2=0 
A square matrix A is called non-singular, if the determinant of A is not 


© 
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1 1 
equal to zero. i.e., |A| #0. For example, A = | 2 is non-singular, 
since detA-1x2—0x1-72z0.Note that, each square matrix with real 


entries is either singular or non-singular. 


1.5.3 Adjoint of a Matrix 


Adjoint of a square matrix A = Ё 2| is obtained by 


interchanging the diagonal entries and changing the signs of other 
entries. Adjoint of matrix A is denoted as Adj A. 


—b 


, | 4 
Le, Adj A= й 
: | —‹ а | 


п 1 2| 
e.g. if A= з 0b then Adj A= | 3 | 
1 


-4 
,then Adj B = | PO 


| 2 -=l 
IfB-|3 _, 


1.5.4 Multiplicative Inverse of a Non-singular Matrix 


Let A and B be two non-singular square matrices of same order 


Then A and B are said to be multiplicative inverse of each other if 
Inverse of Identity 


АВ = ВА =. 
The inverse of A is denoted by A", thus matrix is Identity 
АА = АТА = |. matrix. 


Inverse of a matrix is possible only if matrix is non-singular. 
1.5.5 Inverse of a Matrix using Adjoint 


1 b] . | 
Let M = | A 7 be a square matrix. To find the inverse of 


M, i.e., M“, first we find the determinant as inverse is possible only 


of a non-singular matrix. 
li 
й | | = ad — bc #0 


IMI = 
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d -b | 
and Adj М- , then Тараг М 
-с a M| 
2 1 
e.g., Let | | Тһеп 
-1 -3 
2 1 
|А|= =-5-Є)=-8+1=-5в= 0 
-1 -3 
E z 3 1 
| -1| -3 -1| | 5 5 
musa es 21 21221 а 9 
|A| -5 popu 2011-22-02 
5 $ 
2 X122 22 
2 1 
and AA" =| Е 5| |5 5 5 5 
-1 -3|-1 -2 3 
5 5 


1.5.6 Verification of (AB) ! = B~ А! 


_ [31 _ fo -1 
LetA= |, || andB= |, , 


Then detA23x0-(-1)x12120 
and detB=0x2-3(-1) =3#0 
Therefore, A and B are invertible i.e., their inverses exist 


Then, to verify the law of inverse of the product, take 
АВ- 3 1110 -1| | 3x0+1x3 3х(-0+1х2 | 13 -1 
1-1 013 211 -1x0+0x3 -1x(-0)40x2| |0 1 
зы 
= аеї (АВ) = = р | -320 


1 1 
К a afi 1] |5 = 
and L.H.S. = (АВ) = slo js 1 


1| 2 1 1 
RHS.-B'A whereB^- 3) 5 0) АЛ у 


1. 


= (AB)! Thus the law 


0 -1 1| 2х0-1х1  2х(-1)-1х3 
1 3| 7 3|1-3х0-40х1 -3х(-1-0х3 


1/041 -2+3 i 1] |l 
3o 3 | зо 3] 1 


e wje 
[————— à 


(АВ) = В Ат isverified. 


Find the determinant of the following matrices. 


| . | 
0) A= (i 8-1, 


Nm N 


= _ [3 | 3 
a) Cal. (iv) D= 
3 | 


Find which of the following matrices are singular or non-singular? 


6 4 1 


(1) A= (1) B= 


NM ә 
444 
MN 


4 
0 "n —9 3 -10 
(ш) C= 5 


(iv) р= |, 


iw —) 


Find the multiplicative inverse (if it exists) of each. 


-] 3 й | 2 
(1) A= (1) B= т 
2 0 -3 -5| 
= ] 3 - 
-2 € - 
(1) C = | | (ivy) Ds | 2 1 
3 9 L1 2 
‚‚_[1 2]. 3 -=l | 
H А= [4 6| and B = 2 21 then 
(i) A(AdjA)-(AdjA)A-(detA) (i) ВВ"! =1 = В-1В 


Determine whetherthe given matrices are multiplicative inverses 


of each other. 


2 3 5 | 7 —5 m | 2 

(1) 4 7 and =" 3 (11) 2? 3 
ke ва «| 

6 KA-2[., 5851: .,]P7[|-5 

that | ЭР 

(i) (АВ)-1 = В-1А-1 (iù) (DA) A D 


System of two linear equations in two variables in general form 


is given as 
ах + ру = т 
сх + ау = п 
where a, b, с, d, m and п аге real numbers. 


This system is also called simultaneous linear equations. 


N om 


We discuss here the following methods of solution. 


(i) Matrix inversion method 
(ii) Cramer's rule 


Consider the system of linear equations 
ax + by=m 
сх + ау = п 


I: a b X m 
Then = 
c d 


or AX=B 

a b | | x m 
where А = | |. , X=]. | and B= 

( d | | У п 
or Х= АТВ IAI = ad — bc 
x Xe эх д надар 
ОТ А = TAI X 06004 = “TAI and IAI # Ч 


27) 


> then verify 


d —b | [ 


X 7 | — a J 
OT = 
y | ad — bc 


- dm- Рп 
ad — bc 


— CH + an 


ad = be 


dm —bn 


=> i= 
ad — bc 


and y 


Consider the following system of linear equations. 


m | 
n 


an — Ст 


~ ad —be 


and B= 


ах + by=m 
сх + ду = п 
We know that 
1 b 
AX =B, where A= 2. X= 
; -i _ Adj A 
or Х=А В or X= ГАГ" B 
| 4 —b m | dm -— bn 
[x] —UÜ a n | —cm + an 
= yl - [Al Ы IAI 
dm — bn 
IAI 
—cm + an 
АІ 
| dm — bn АД 
x x= TAL > TAI 
ша | an—-cm | АД 
ап ) = IAI = |, | 
m b a m 
where ІА 1 = | | and ІА l= | | 
п а ( n 


Solve the following system by using matrix inversion method. 
4х - 2y = 8 
3x * y 7-4 


311114 


4 
The coefficient matrix M -| 5 


í | is non-singular, 


since det M = 4 x 1- 3(—2) = 4 + 6 = 10 = 0. So М" is possible. 
X EVE 8 "m 1 21 8 
y -4| 10-3 4 |-4 
_1[ 8-8 1:110110 
~ 10|-24-16] 10|-40| 1-4 


> bh! 


= x=0 and y=-4 


Solve the following system of linear equations by using Cramer's rule. 


3x-2y =1 

-2x + 3у = 2 

3x – 2у = 1 

—2x + 3y = 2 

We have 

3 —2 1 -2 3 1 
A- ‚А, = TN 

-2 3 2 3 У 1-2 2 

3 -2 | | 
24 : -9-4-520 (Ais non-singular 
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A, 7 
Хх = = = — = — 
А 5 5 5 

3 1 
Ау о 2| 642 8 
"BN 8 85 5 


Example 3 

The length of a rectangle is 6 cm less than three times its width. 
The perimeter of the rectangle is 140 cm. Find the dimensions of the 
rectangle. (by using matrix inversion method) 


Solution 
If width of the rectangle is x cm, then length of the rectangle is 
у=3х- 6, 

from the condition of the question. 

The perimeter = 2x + 2y = 140 (According to given condition) 
Ex o Ad-ye70 —  w— m  |— || sm (i) 
апа 3Х-у-6б |  — p . (ii) 

In the matrix form 


П Еа |70 

з _1||у| |6 
Ё n 1 1 

det - -1х(-1)-3х1--1-3--420 
3--1 


3 -1 
We know that 


X-A'B and A? - АФА 
A| 
X 1 |-1 -1| 70 
Hence =— 
ЭЭН 318. 
76 
-1/:-70-6| -1| -76 | | 4 | (19 
4 210-6| 4|-204| |204| [51 


| 
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Thus, by the equality of matrices, width of the rectangle x = 19 cm 
and the length y = 51 cm. 
Verification of the solution to be correct, i.e., 
p=2x19 + 2х 51 = 38 + 102- 140 cm 
Also у = 3(19) - 6 = 57 - 6 = 51 ст 


EXERCISE 1.6 
1 Use matrices, if possible, to solve the following systems of linear 


equations by: 
(i) the matrix inversion method (ii) the Cramer's rule. 


i]. ш (iy 22753 
Зх + 2у = 6 Ox *5y- 1 
(ii) - : b (iv) a - po 
v ps ia i 7 иш S. и i ын 
(vii) Pn FAN 10 (viii) m 


Solve the following word problems by using 
(i) matrix inversion method (ii) Crammer's rule. 

2 Тһе length of a rectangle is 4 times its width. The perimeter of 
the rectangle is 150 cm. Find the dimensions of the rectangle. 

3 . Two sides of a rectangle differ by 3.5cm. Find the dimensions 
of the rectangle if its perimeter is 67cm. 

4 The third angle of an isosceles triangle is 16° less than the 
sum of the two equal angles. Find three angles of the triangle. 

5 One acute angle of a right triangle is 12? more than twice the 
other acute angle. Find the acute angles of the right triangle. 

6  Twocars that are 600 km apart are moving towards each 
other. Their speeds differ by 6 km per hour and the cars are 


123 km apart after 45 hours. Find the speed of each car. 


e 
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REVIEW EXERCISE 1 


2. Complete the following: 


(iii) Additive inverse of la 3] T 


(iv) In matrix multiplication,in general, AB ...... BA. 

(v) Matrix A + В may be found if order of A and B is ...... 

(vi) A matrix is called ..... matrix if number of rows and columns 
are equal. 


a*3 4]. |[-3 4 | 
If | 2 "n - E j|, then find a and b. 


IfA- [ | ‚В= 3 E| , then find the following. 
(i) 2A + 3B (ii) —3A * 2B 
(1) ^ —3(A + 2B) (iv) “3 (2A - ЗВ) 
| dez Р: 
Find the value of X, if Ё Е Ы Х = Ё En 


210: dau ES d 
If A= |: E, B- Ё | then prove that 
(i) АВ = BA (1) А(ВС) = (AB)C 

If A= [| 3 and B = Ё 3 then verify that 


(i) (AB)'= BtAt (ii) (АВу' = ВТА" 


82) 
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SUMMARY 


A rectangular array of real numbers enclosed with brackets is said 
to form a matrix. 

A matrix A is called rectangular, if the number of rows and number 
of columns of A are not equal. 

A matrix A is called a square matrix, if the number of rows of A is 
equal to the number of columns. 

A matrix A is called a row matrix, if A has only one row. 

A matrix A is called a column matrix, if A has only one column. 

A matrix A is called a null or zero matrix, if each of its entry is O. 
Let A be a matrix. The matrix At is a new matrix which is called 
transpose of matrix A and is obtained by interchanging rows of A 
into its respective columns (or columns into respective rows). 

A square matrix A is called symmetric, if At = A. 

Let A be a matrix. Then its negative, —A, is obtained by changing the 
signs of all the entries of A. 

A square matrix M is said to be skew symmetric, if Mt = —M, 

A square matrix M is called a diagonal matrix, if atleast any one 
of entry of its diagonal is not zero and remaining entries are zero. 
A diagonal matrix is called identity matrix, if all diagonal entries are 


1 0 0 
1 А-10 1 0} is called a 3-by-3 identity matrix. 
0 0 1 


Any two matrices A and B are called equal, if 

(i) order of A=orderofB (ii) corresponding entries are same 
Any two matrices M and N are said to be conformable for addition, 
if order of M = order of N. 

Let A be a matrix of order 2-by-3. Then a matrix B of same order is 
said to be an additive identity of matrix A, if 


BtA=A=A+B 
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Let A be a matrix. A matrix B is defined as an additive inverse of A, * The solution of a linear system of equations, 
if B+A=O=A+B ax + by =m 
* Let A be a matrix. Another matrix B is called the identity matrix of сх+ ду =n 
А under multiplication, if 
BxA-A-AxB. "TW a Бх m 
by expressing in the matrix form 1 = 
C 
b 
* Let M- a be a 2-by-2 matrix. A real number X is called 2 X a b| [m 
c d is given by| |= d 
C n 


determinant of M, denoted by det M such that | uu 2 | 
if the coefficient matrix is non-singular. 


a b 
det M = PS = ad - bc- X • By using the Cramer's rule the determinental form of solution of 
C 1 
e A square matrix M is called singular, if the determinant of M is EOHSEDUS 
equal to zero. ax + by =m 
* Asquare matrix M is called non-singular, if the determinant of M is сх+ ду= п 
not equal to zero. | 
is 
a b Ял 
* Fora matrix v= ч adjoint of M is defined by 
C 
Р 7 т | а т 
Adj М= м! n d c n b 
J Е M a ; and y= 2202 where "as 
| Ь 
* Let M be a square matrix ji ! then c d c d 
C 
1 d -b 
M” = | | where det M = ad - bc +0. 
ad-bc|-c a 


* The following laws of addition hold 
M+N=N+M (Commutative) 
(M+N)+T=M+(N+T) (Associative) 

* The matrices M and N are conformable for multiplication to obtain 
MN if the number of columns of M = number of rows of N, where 
(i) (MN) z (NM), in general 


(ii) (MN)T = M(NT) (Associative law) 
(iii) M(N + T) = MN + MT 
(iv) (N +T)M = NM + ТМ (Distributive laws) 


* Law of transpose of product (AB) = Bt At 


sree (35) 
5 AAT =Т= АТА 


version: 1.1 
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Animation 2.1:Real And Complex numbers 
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Students Learning Outcomes 


After studying this unit , the students will be able to: 

Recall the set of real numbers as a union of sets of rational and 
irrational numbers. 

Depict real numbers on the number line. 

Demonstrate a number with terminating and non-terminating 
recurring decimals on the number line. 

Give decimal representation of rational and irrational numbers. 
Know the properties of real numbers. 

Explain the concept of radicals and radicands. 

Differentiate between radical form and exponential form of an 
expression. 

Transform an expression given in radical form to an exponential 
form and vice versa. 

Recall base, exponent and value. 

Apply the laws of exponents to simplify expressions with real 
exponents. 

Define complex number z represented by an expression of the 


form z=a+ib, where a and b are real numbers and i - 4/1 
Recognize a as real part and b as imaginary part of z = а + ib. 
Define conjugate of a complex number. 

Know the condition for equality of complex numbers. 

Carry out basic operations (16, addition, subtraction, 
multiplication апа division) оп | complex numbers. 


Introduction 


The numbers are the foundation of mathematics and we use 
different kinds of numbers in our daily life. So it is necessary to be 
familiar with various kinds of numbers In this unit we shall discuss real 
numbers and complex numbers including their properties. There is a 
one-one correspondence between real numbers and the points on the 
real line. The basic operations of addition, subtraction, multiplication 
and division on complex numbers will also be discussed in this unit. 


2. Real and Complex Numbers 


2.1 Real Numbers 


We recall the following sets before giving the concept of real numbers. 


Natural Numbers 

The numbers 1, 2, 3, ... which we use for counting certain objects 
are called natural numbers or positive integers. The set of natural 
numbers is denoted by N. 

ie, №= {1,2,3, ....} 


Whole Numbers 
If we include О in the set of natural numbers, the resulting set is 
the set of whole numbers, denoted by W, 
.е, W = {0,1,2,3, ....} 


Integers 
The set of integers consist of positive integers, 0 and negative integers 
and is denoted by Z i.e., Z = (..., -3, -2, -1,0, 1, 2, 3, ... } 


2.1.1 Set of Real Numbers 
First we recall about the set of rational and irrational numbers. 


Rational Numbers 

All numbers of the form p/q where p, q are integers and q is 
not zero are called rational numbers. The set of rational numbers is 
denoted by Q, 


ie, Q= Pipgeznazo| 
q 
Irrational Numbers 
The numbers which cannot be expressed as quotient of integers 


are called irrational numbers. 
The set of irrational numbers is denoted by Q’, 


q- [slve paez sae] 
q 
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For example, the numbers 42,43, /5, тапде аге allirrational numbers. 
The union of the set of rational numbers and irrational numbers is 
known as the set of real numbers. It is denoted by R, 

ie, R=QuQ’ 
Неге Q and О’ are both subset of Rand Ог0/-ф 


Note: 
| i | 


Le, NCWCZCQCR 


(i) NcCWCZCQ 
(ii) Q and О/ аге disjoint sets. 
(iii) for each prime number p, Jp 


is an irrational number. 

(iv) square roots of all positive 
non- square integers are 
irrational. 


2.1.2 Depiction of Real Numbers on Number Line 


The real numbers are represented geometrically by points on a 
number line | such that each real number ‘a’ corresponds to one and 
only one point on number line | and to each point P on number line | 
there corresponds precisely one real number. This type of association 
or relationship is called a one-to-one correspondence. We establish 
such correspondence as below. 

We first choose an arbitrary point O (the origin) on a horizontal 
line | and associate with it the real number 0. By convention, numbers 
to the right of the origin are positive and numbers to the left of the 
origin are negative. Assign the number 1 to the point A so that the line 
segment OA represents one unit of length. 


Ё 


-u -4 -3 -2 -1 0 1 2 3 4 Ч 
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The number ‘a’ associated with a point P on £ is called the 
coordinate of P, and 615 called the coordinate line or the real number 
line. For any real number a, the point P'(- a) corresponding to -a lies 
at the same distance from O as the point P (a) corresponding to a but 
in the opposite direction. 


2.1.3 Demonstration of a Number with Terminating and 
Non-Terminating decimals on the Number Line 


First we give the following concepts of rational and irrational 
numbers. 


(a) Rational Numbers 
The decimal representations of rational numbers are of two types, 
terminating and recurring. 


(i) Terminating Decimal Fractions 
The decimal fraction in which there are finite number of digits in 
its decimal part is called a terminating decimal fraction. For example 


2 = 0.4 and 2 = 0.375 
5 8 


(ii) Recurring and Non-terminating Decimal Fractions 

The decimal fraction (non-terminating) in which some digits 
are repeated again and again in the same order in its decimal part is 
called a recurring decimal fraction. For example 


- = 0.2222 апа = = 0.363636... 
9 11 


(b) Irrational Numbers 

It may be noted that the decimal representations for irrational 
numbers are neither terminating nor repeating in blocks. The decimal 
form of an irrational number would continue forever and never begin 
to repeat the same block of digits. 


©) 
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e.g., A2 = 1.414213562..., n= 3.141592654..., e= 2.718281829..., etc. 
Obviously these decimal representations are neither terminating 
nor recurring. 

We consider the following example. 


Example 


Express the following decimals in the form " мһеге р, а є 24 


and q *0 

(а) 03=0.333... (0) | 02320.232323.. 
Solution 
(a) Let x203 which can be rewritten as 


450.9999... —— ——  — — n (i) 
Note that we have only one digit 3 repeating indefinitely. 
So, we multiply both sides of (i) by 10, and obtain 
10x = (0.3333...) x 10 
or 10Х=3.3333.. — — аа (ii) 
Subtracting (i) from (ii), we have 
10x - x = (3.3333...) - (0.3333...) 


or 9x-32 x= 


Hence 03- 


w | = 


(b) Let x=0.23=0.23 23 23... 


Since two digit block 23 is repeating itself indefinitely, so we multiply 
both sides by 100. 
Then 100х = 23.23 


100x 2234-0232 23+ x 
=> 100Х-х-23 


= 99x = 23 


23 
=> ро = 
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Thus 023-22 is a rational number. 


2.1.4 Representation of Rational and Irrational Numbers on 
Number Line 


Inordertolocate a number with terminating and non-terminating 
recurring decimal on the number line, the points associated with the 


rational numbers Е апа ES where m, n are positive integers, we 
subdivide each unit length into n equal parts. Then the mth point of 
division to the right of the origin represents = and that to the left 

of the origin at the same distance represents SE 


Example 
Represent the following numbers on the number line. 


2 15 7 
i) == (i) — (ii) —-1— 
(i) А (ii) 5 (iii) = 
Solution 
(i) _ For representing the rational number - on the number line £, 


divide the unit length between 0 and -1 into five equal parts and take 
the end of the second part from 0 to its left side. The point M in the 


. ; ; 2 
following figure represents the rational number Е 
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M B 


/ ^ 
(ii) “5-0 it lies between 2 and 3. J2 х 
7 7 О 1% / 
3 2 -1 o LAMP? 3 
£ 
-3 -2 -1 0 1 2 3 EXERCISE 2.1 
Divide the distance between 2 and 3 into seven equal parts. The point 1. Identify which of the following are rational and irrational 
numbers. 
15 1 
P represents the number — -2-. 1 15 
л. (i) J3 (ii) c (D (№ > 0) 7.25 (vi) v29 
(iii) For representing the rational number, а. divide the unit 
length between -1 and -2 into nine equal parts. Take the end of the 2. Convert the following fractions into decimal fractions. 
7th part from -1. The point M in the following figure represents the 17. 19 .. 57 . . 205 5 25 
0 = QU — (шу — (п) — v = (м) — 
25 4 8 18 8 38 


rational number, A 
9 3. Which of the following statements are true and which are false? 


= 


“ly (i) 5 is an irrational number. (ii) xis an irrational number. 
н Ё (iii) lisa terminating fraction. (iv) 5 dea terminating fraction. 
2m -1 0 1 2 9 4 
4. 
| | (v) — isa recurring fraction. 
Irrational numbers such ав V2, 4/5 etc. can be located on the line 2 by 5 
geometric construction. For example, the point corresponding to 4/2 4. Represent the following numbers on the number line. 
may be constructed by forming a right AOAB with sides (containing 
the right angle) each of length 1 as shown in the figure. By Pythagoras (i) Е (ii) 23 (iii) 13 (iv) -25 (V) 25 (vi) 4/5 
Theorem, 3 ә 4 8 4 


OB- y «(y -J2 


3 5 
By drawing an arc with centre at O and radius OB = V2, we get the 5, Give sr raional number Between and. 


| | 4. . 
. . . 6. Express the following recurring decimals as the rational number 
point P representing 4/2 on the number line. 


P where р, q are integers and qz 0 (i) 0.5 (ii) 0.13 (iii) 0.67 
q 
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2.2 Properties of Real Numbers 7177-7777 
If a, b are real numbers, their sum is written as a * b and their For every a € R, there exists a unique real number -a , called the 
product as ab or a x b or a . b or (a) (b). additive inverse of a, such that 
a + (-a) = 0 = (-a)+ a 
(a) Properties of Real numbers with respect to Addition and e.g., additive inverse of 3 is -3 since 3 + (-3) = 0 = (-3) + (3) 
Multiplication Properties of real numbers under addition 
are as follows: Properties of real numbers under multiplication are as follows: 
(i) Closure Property (i) Closure Property 
atbeR, ү a,beR 
e. g., if 3 and 5 є В, abeR, у a,beR 
then -345:268 eg, if -3,5€R, 
then (-3)(5) € R 
(ii) Commutative Property or | -15«eR 
at+b=b+a, YabeR 
e.g. if2,3 € R, (ii) Commutative Property 
then аш ab-ba, Va,beR 
o! І е if 1 29 R 
B 3'2 
(iii) Associative Property 1Y3 3V1 
then | = || = |= 38 
(a+b)+c=a+(b+c) үу a,bceR BB E 3 
e.g. if 5,7,3 € R, ар: 22 
then (5+7)+3=5+(7+3) 2 2 
or 12+3=5+10 
or 15215 (i) ^ Associative Property 
(iv) Additive Identity (ab)c =a(bc), X; a,b,c eR 
There exists a unique real number 0, called additive identity, such eg, if2,35-R 
that then (2х3) х5=2х (3х 5) 
a+O=a=O+a, үає в or 6x522x15 
or 30 = 30 
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(ii) Multiplicative Identity 
There exists a unique real number 1, called the multiplicative 


identity, such that 


(i) Thesymbol 57 means “for all", 


(1) ais the multiplicative inverse of a”, i.e., a = (а!) 


a*1-a-1*:a, Ч aeR 


(iii) Multiplicative Inverse (b) Properties of Equality of Real Numbers 
For every non-zero real number, there exists a unique real Properties of equality of real numbers are as follows: 


= | NR 
number a` or д, called multiplicative inverse of a, such that 
(i) Reflexive Property 


ad =1l=a a a-a, Ч aeR 
Or ах =1=1ха 
| (ii) Symmetric Property 
орь 0 3ER, theage К Ifa-b,thenb-a, v a,beR 
such that 
5x l -1- : х 5 (iii) Transitive Property 
Ifa -bandb-cthena-c, у a,bceR 


| We 
So, 5 and = are multiplicative inverse of each other. 


(iv) Additive Property 


(vi) Multiplication is Distributive over Addition and Subtraction Ifa-b,thena*c-b*c, W a,bceR 
For all a, b, ce В | 
a(b + с) = ab + ac (Left distributive law) (v) Multiplicative Property 
(a+ b)c = ac + bc (Right distributive law) if phon be V 7 R 
= = ХҮ = 
eg, if 2,3,5 € R, then ML ME 
2(3+5)=2x3+2x5 
or 2x8=6+10 (vi) Cancellation Property for Addition 
or 16=16 fa+c=b+c,thena=b, ү а, Б, сє В 
And foralla, b, ce R 
a(b - c) = ab - ac (Left еа law) (vii) Cancellation Property for Multiplication 
(a — b)c = ac – bc (Right distributive law) aee фе нэ Sane R 


e.g., if 2, 5, 3 є R, then 
2(5-3)=2x5-2x3 


or 2x2=10-6 


or 4=4 
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(c) Properties of Inequalities of Real Numbers EXERCISE 2.2 
Properties of inequalities of real numbers are as follows: 
(i) Trichotomy Property 1. Identify the property used in the following 
- a Бе ВК (0 atb=bta (ii) (ab)c = a(bc) 
"^  gG«b or a=b or a»b (ii) 7» 127 (iv) x>yorx=yorx<y 
(v) ab= ba (vi) a+c=b+c>a=b 
(ii) Transitive Property (vii) 5+(-5)=0 (vii) 7х 5 = | 
Ч а, р, сев 


(i) а> рљъас> бс (с> 0) 


2. Fill in the following blanks by stating the properties of real 
numbers used. 


(a) a<xbandb<c>a<c (0) a>bandb>c>a>c 


(iii) Additive Property 


3x + 3(y - X) 
425228 =3Зх+Зу-—-3х, «аш 
= 3х - 3х + Зу, ........ 
asboatc<b+c ES а> р=а+с> б +с =OF BY) aum» 
а<р=с+а<с+р a>b>cta>ctb -3y 1... 


3. Сме the name of property used in the following. 


(iv) Multiplicative Property (i) A24 +0 = A24 


(a) v a,b,c = Вапас»0 2 Of. 3*4 FK 4X. 2477 
(11) -3| 2 T5 = | -3 | (5) + | -7 || 5 | 
(i) a>b=>ac>bc (ii) a<b=>ac<bc d: EE S ee Ss 
7 a»b- ca» cb 7 g«b-ca«cb (1) л+ (70-0 
(D т7 a,bceRandc«O (iv) 43 : N3 is a real number 
(i) а> b =>ac< bc (i a«b- ac» bc (v) (-54-5)") 
а> b > ca < cb a < b > ca > cb 
2 2.3 Radicals and Radicands 
(v) Multiplicative Inverse Property 
v a 0 е Капаа+0, 6+0 2.3.1 Concept of Radicals and Radicands 
11 11 : "—— 

(a) а<Ье©с>р (b) а>Ьес<р If n is a positive integer greater than 1 and a is a real number, 
then any real number x such that x^ = q is called the nth root of a, and 
in symbols is written as 

х= Ҹа, or  x-(a)^, 
In the radical %/a, the symbol 4 is called the radical sign, n is 


called the index of the radical and the real number a under the radical (i) Jr: Gi) Ve (i) y^ (iv) 2” 
HM . 1) ^у— | X | у !) х 
sign is called the radicand or base. ` 
Note: 
: d m > 1/5 .. 3 1,5 5/3 
с: (1) N-—5 = (—5) (п) үх =x 
Na is usually written as Va . а 4m p 5 г T 
(1) y" =Vy or (Ny) (iv) х АХ” or (qx) 


2.3.2 Difference between Radical form and Exponential 
Е Simplify \(16x"y° 
1 : : : Simplify ^j 
In radical form, radical sign is used pity N 16x у 


пг. . 
e.g, x-*a іѕ а radical form. 


ST NE are examples of radical form. V16x"y? =V OBOMA, ^ a (factorizing) 
In exponential form, exponential is used in place of radicals, =V2xy (PCW), an (arranging perfect cubes) 
e.g., х =(a)'" is exponential form. 313 Эг 3— 3: / 
x32, 227 are examples of exponential form. MNS Л ЖУ. ene propero чи 
3552 3-3 2/3 2Г3 4 
Properties of Radicals =W2xy NZ NX Ҹу, ..... property (1) 
Let a, bd R and m, n be positive integers. Then, -2xyWNAxy. hee property (v) 
; Е a Ха 
O 4855-4845 i) 42-44 
b 4b 
HH nim. — пт H n m _ øn m n п ? : 5 . Р . 
(iii) {Ҹа = "а (№) Ҹа" = (Ҹа) (v) ^а =а 1. Write each radical expression in exponential notation and each 


: - : | А exponential expression in radical notation. Do not simplify. 
2.3.8 Transformation of an Expression given in Radical P P Jn 


form to Exponential form and vice versa a Г Ww 25 Gi) -7^ v y” 


The method of transforming expression in radical form to 


| . . . . 2. Tell whether the following statements are true or false? 
exponential form and vice versa is explained in the following examples. 


: /5 r= T 2/5 3r- TN m= = "e 3 755 3 
() 57515 (GD 27-44 (ш) 49-247 (v) Vx" =x 


Write each radical expression in exponential notation and each 
exponential expression in radical notation. Do not simplify. 


Version: 1.1 (17) Version: 1.1 


3.  Simplify the following radical expressions. 


Version: 1.1 


0 NAR 4 s[3 |. ЗГ 
— ) f ) r) 1... 
(1) N 125 (11) \ 32 (111) N 32 (1V) N 27 


2.4.1 Base and Exponent 


In the exponential notation a^ (read as a to the nth power) we call 
‘a’ as the base and ‘n’ as the exponent or the power to which the base 
is raised. 
From this definition, recall that, we have the following laws of 
exponents. 
If a,b = Rand m, nare positive integers, then 


| ат e а" = ат || (gn = ат" 
I| (ар) = anb" IV P =~ +0 
O j b 
V = gn/g^ а", a#0 VI а° = 1, where а #0 
2-1 
Vil а" =, whereaz0 
a 


2.4.2 Applications of Laws of Exponents 


The method of applying the laws of indices to simplify algebraic 
expressions is explained in the following examples. 


Use rules of exponents to simplify each expression and write the 
answer in terms of positive exponents. 


. E mud , 4a ^b? 7 
(р uA (ii) | з 
у 9а 


-2.,-3,,7 -5.7 
X X y х y m_n m+n 
(i) а а. 3 a (a a a ) 
х y х y 

7-4 3 m 

_ у X Е =ar] 
-3+5 2 n 
X X a 


Ger Gu 
9 Да? Ь а 
__81 2-7 
16a'* b b" 


Simplify the following by using laws of indices: 


() лан (ii d 
125 сш. 
Using Laws of Indices, 
$ (2 ни -| 125 j^ (125)^ (5). s' 625 
VU (125) (38) (q^ Q^ 2) 16 
1 4(3) 4(3) 4(3)" 4 
(11) H- x ny ын el = Э = 2 
3" 23 313-1| 2(35 - 
Use laws of exponents to simplify: 
2 Q43)?? Bay” 9 T 
(1) ; = (п) (2x y )(-8x y) 
N (196) 
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(ii) (5255 (iv) (81)".3° _ (3 (243) 
xyz (9""y(3") 


2. Show that 


3.  Simplify 
б) 0/3 у (27)^ х (60)? (1) (216)? (25)? 
(180)? " (4)? х (974 (04? 
(ii) ^ 5? +(52} (i) — QOYycx", x20 


2.5 Complex Numbers 


We recall that the square of a real number is non-negative. So 
the solution of the equation x? + 1 = 0 or x? = -1 does not exist in R. 
To overcome this inadequacy of real numbers, we need a number 
whose square is -1. Thus the mathematicians were tempted to 
introduce a larger set of numbers called the set of complex numbers 
which contains R and every number whose square is negative. They 
invented a new number -1, called the imaginary unit, and denoted 
it by the letter i (iota) having the property that і? = —1. Obviously i is 
not a real number. It is a new mathematical entity that enables us 
to enlarge the number system to contain solution of every algebraic 
equation of the form x? = -a, where a > 0. By taking new number 
i = 1, the solution set of x? + 1 = 0 is 


WELAT) er (i-i) 


2. Real and Complex Numbers 


The Swiss mathematician Leonard Euler (1707 - 1783) was the 
irst to use the symbol i for the number 4-1 


Numbers like 4—1,4/-5 etc. are called pure imaginary numbers. 


Integral Powers of i 
By using i = /—1,we can easily calculate the integral powers of i. 
e.g, i^--1, Р =? хі= –і, i* =? xi = (—1)(—1) 21, i? = (i?) = (-1)* =1, 
ji? = (i^)? =(-1)° 2-1, etc. 
A pure imaginary number is the square root of a negative real 
number. 


2.5.1 Definition of a Complex Number 


A number of the form z = a + bi where a and b are real numbers 


and i-X-1,is called a complex number and is represented by z i.e., 
z-atib 


2.5.2 Set of Complex Numbers 


The set of all complex numbers is denoted by C, and 
C ={z|z=a+bi, where a,b € R and i = J-1) 


The numbers a and b, called the real and imaginary parts of z, 
are denoted as а = R(z) and b = Im(z). 
Observe that: 
(i) | Everya € R may be identified with complex numbers of the form 
a + Oi taking b = O. Therefore, every real number is also a complex 
number. Thus R c C. Note that every complex number is not a real 
number. 
(ii) Ifa=0,then a+ bi reduces to a purely imaginary number bi. The 
set of purely imaginary numbers is also contained in C. 


e 
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(iii) If a=b=0, then z = 0 + iO is called the complex number О. 
The set of complex numbers is shown in the following diagram 


Whole Natural 
numbers numbers 
Rational 
numbers Integers 
Real Negative 
E numbers 
Complex 
numbers Irrational 
Pure numbers 


natural 
numbers 
imaginary 
numbers 


2.5.3 Conjugate of a Complex Number 


If we change i to -i in z = a + bi, we obtain another complex 
number a - bi called the complex conjugate of z and is denoted by z 
(read z bar). 


Thus, if z = -1- i, then Z=—1 +i. 


The numbers a + bi and a — bi are called conjugates of each other. 


Note that: 


(i)  z-z 
(ii) The conjugate of a real number z = а + o¢ coincides with the 


number itself, since z = a + Os=a- 04. 
(iii) Conjugate of a real number is the same real number. 


2.5.4 Equality of Complex Numbers and its Properties 


For all a, b, c, d € R, 
a + bi = c + di if and only if a= c and b = а. 
e.g, 2х +у2і = 4 + 9i if and only if 


Q2) 
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2x=4and y?=9,i.e.,x=2andy=+3 


Properties of real numbers R are also valid for the set of complex 
numbers. 


(i) 7222 (Reflexive law) 
(1) lIfz =z, then z, =z, (Symmetric law) 


(iii) Ifz,=z,andz,=z,,thenz,=z, (Transitive law) 


EXERCISE 2.5 


— 
. 


Evaluate 
(i) i7 (ii) Р? (iii) Pe 
(iv) C? (v (і) (vi) ^ 
2. Write the conjugate of the following numbers. 
(i)  2-3i (ii) 3 - 5i (iii) -i 
(iv) -3-*4i (v) -4-i (vi) i-3 
3. | Write the real and imaginary part of the following numbers. 
(i) 1+i (ii)  -1-2i (ii) | -3i*2 
(iv) -2-2i (v) -3i (vi) 2 + Oi 
4. Find the value of x andy if x+iy+1=4-3i. 


2.6 Basic Operations on Complex Numbers 


(i) Addition 

Letz, - a tib andz,=c+id be two complex numbers and 
a,b,c,d € R. 

The sum of two complex numbers is given by 

z, +z, = (a + bi) + (c + di) = (a + с) + (b + а)і 

i.e., the sum of two complex numbers is the sum of the 
corresponding real and the imaginary parts. 
e.g., (3—81) + (5 + 2i) = (3 + 5) + (-8 + 2)i = 8 – Gi 


(i) Multiplication 
Let z, =a + ib and z, = с + id be two complex numbers. 
The products are found as 


Q3) 
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(i) КЄ R, kz, = k(a + bi) = ka + kbi. 
(Multiplication of a complex number with a scalar) 
(1) 22, = (a + bi) (c + di) = (ac - bd) + (ad + bci 
(Multiplication of two complex numbers) 
The multiplication of any two complex numbers (a + bi) and 
(c + di) is explained as 
Z,Z, = (a + bi) (c + di) = a(c + di) + bi(c + di) 
= ас + adi + bci + bdi? 


= ас + adi + bci + bd(-1) (since i? = —1) 
= (ac — bd) + (ad + рс)! (combining like terms) 
e.g, (2-3i) (4+ 5i) = 8 + 10i - 12i - 15i? = 23 - 2i. (since i? = —1) 


(iii) 
Let z, =a + ib and z, = c + id be two complex numbers. 
The difference between two complex numbers is given by 
z, - z, = (a + bi) - (c + di) = (a – c) + (b - d)i 
e.g., (-2*3i))-(2*i))2(-2-2)*(3- 1)i -- 4 * 21 
i.e., the difference of two complex numbers is the difference of 
the corresponding real and imaginary parts. 


(iv) 
Letz, = a ib and z, =c + id be two complex numbers such that 
Z,* 0. 
2 


The division of a * bi by c * di is given by 


a arbi asbi c—-di (Multiplying the numerator 
-= = x 


c-di cdi c—di апа denominator by c - di, the 
complex conjugateof c +di). 


. ac + bci — adi — Баг 


сг — (diY 
ac + bci — adi + bd Р 
= 5—5 since i^ = —l 
с + С 1 


(ac + bd)--(bc—ad)  ac- bd | bc — ad Y. 
чи» T > 7 l 
Cc d | 


cd с? + Ф 


Operations are explained with the help of following examples. 


Separate the real and imaginary parts of (71 + ү-2)' 


Let z --l1-4-2,then 


) , r > ) r3 e ? 
г = (-1+ү-2) -(-141(2) , changing to i-form 


= (-1 


= | — 


19) ( | 4 [^ - 1) ( | [55 Їл 1 ML 
+ 002) (— + 0\2) = (– ) ("7 + 0002) + 0\02 (— + 1\2) 


24 = 2 ES Z. 
2-42 + 21 = 1 – 2421 


?) 9! Г, 
Hence Re (2) = —1 and Im (2) = 22N2 


We have | 


Express 


+2i 1 


1. | | 
Express Ta 2) 2 the standard form a + bi. 


1 | — 2i 


P, : 
+2i°°1—2i 


(multiplying the numerator and denominator by 1 + 27) 


| —2i | —2i mplifvine) 
= 75 = зо, (simplifving) 
I- (202 1-41 P'YIDE 
1—21 "m Р 
— 3 (since 1^ = —1) 
1 Ээ 
=7 77 i , which is of the form a + bi 
4+ 51. 
4-5; in the standard form a + bi. 
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Solution 


. 1 445i 
а 2030 x + bi 


" Itiplyi d dividing by th 
4—5 1-5! 445 (multiplying and dividing by the 


conjugate of (4 —5)i) 
_ (445) | 16+ 407+ 25i° 


= (д (ЫТ iG ez (simplifying) 
M ba has ALT (since і? = —1) 
—9+ 401 9 40. 
= —_— = -— + — I 
41 41 41 
Example 4 


Solve (3 – Ai) (x + yi)=1+0.i forreal numbers x and y, where 


i24-1. 


Solution 
We have (3 — Ai) (x + yi) =1+0.i 
or Зх + 3iy – 4ix – Ay =1+0.i 
or Зх + 4y + (3y – 4х) =1+0.i 
Equating the real and imaginary parts, we obtain 
3x+4y=1 and 3y-4x=0 2 


EXERCISE 2.6 


1. Identify the following statements as true or false. 
(i) 4-34-323 (1) i52-i (iii) i'92-1 
(iv) Complex conjugate of (-6i + i?) is (-1 + 6i) 
(v) Difference of a complex number z =a + bi and its conjugate 
is a real number. 
(vi) If(a- 1) – (b +3)і = 5 + 8i, then a =6 and b =-11. 
(vii) Product of a complex number and its conjugate is always 
a non-negative real number. 
2. Express each complex number in the standard form a + bi, 
where a and b are real numbers. 
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(i) (2*3)-(7-2i) (ii) 2(5 + 4i) -3 (7 + 4i) 
(ii) -(-3 + 5i) - (4 + 9i) (iv) 2i? + 6P + 3116 - 6i'? + 4i? 


3. Simplify and write your answer in the form a+ bi. 
(i) (77431) (-3421) (ii) 2-4-4) 6-744) 


Gii) (5 – 30 (iv) (2—30 (3 -2i) 


4. Simplify and write your answer in the form a + bi. 


-2 2. 243i e. 9-Ti 
0) тү; (11) 1-1 (111) 34i 
.. 2-6 441 | | (v | 
б) 31i 34) ™ (т. М) (0-300-09 


(i) Zz--i (ii) 7=2+| 
(iii DL OE 


6. Ifz=2 + 3i and w = 5 - 4i, show that 


(1) 7-WwW2 Z+ W (1) z—-w-2z-w 


(iii) zw= zw (1v) | Е | - — , where w 20. 


"e a | | : 
(у) : (z+ Z)istherealpartofz. (Vi) 5;(z—2)isthe imaginary part of z. 


7. Solve the following equations for real x and y. 


(i) Q-3)(x*y)-4*i 
(i) (3-20) (x + yi) = 2(x - 2yi) + 2i - 1 
(1) (3 + 4i - 2(x - yi) = x + yi 


27) 
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Multiple Choice Questions. Choose the correct answer. 


True or false? Identify. 
(i) Division is not an associative operation.  ......... 
(1) ^ Every whole number is a natural number.  ......... 
(iii) Multiplicative inverse of 0.02 is 50. — . ..... 
(iv) Tisa rational number. . |. | | .... 
(v) Every integer is a rational number. a... 
(vi) Subtraction is a commutative operation. _......... 
(vii) Every real number is a rational number. ......... 
(viii) Decimal representation of a rational number is either 
terminating or recurring. — . .  .... 
Simplify the following: 


(i) 481y "x? (ii) dab cy 


T yt y^ | 3x*y*z Y^ 
(iii) 22.) (iv) mee e 


625x^y z * 
T [(216)?? x (25)'* 


Simplify 


a? p*q а" qtr 
E : =) + 5(а?.а')?",а+0 
а а 
а?! а?" a^" 
Simplify | =| 2158| 
а а а 


Simplify Чин х 3а х Ja 
a a a 
SUMMARY 


Set of real numbers is expressed as R= QU Q’where 


0-| ваедлах 0, Q={x|x is not rational}. 
q 


Properties of real numbers w.r.t. addition and multiplication: 


Closure:a* beRabeR, FabeR 

Associative: 

(a*b)*c-a-*(b-*c) (ab)c = a(bc), ү 0, b,c ER 
Commutative: 

a+b=b+a, ар = Ва, ү ab €R 


Additive Identity: 
а+0=а=0+а у aeR 
Multiplicative Identity: 
а.1=а=1.а, v aeER 


Additive Inverse: 


a + (-a) = 0 = (-a) + a, үу аєв 
Multiplicative Inverse: 


| 
а:-эЕ12-0-4 420 
а 


Multiplication is distributive over addition and subtraction: 
ар + с) = ар+ас, V а рсе Р 
(0+ а= ра+са V а, сев 
a(b-c)-ab-ac V a,bceR 
(a-b)-ac-bc W abceR 
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Properties of equality in R 
Reflexive: a=a, Vae R 
Symmetric:a=b=>b=a,V а, рє А 
Transitive: а= Б, р=с=а= с, V а, Бс є В 
Additive property: If a- b, їћепа+с= Б + с, У а, Б, сє А 
Multiplicative property: If a = Б, then ас = Бс, У a,b,c € R 
Cancellation property: If ac = be с = 0, thena =b,V a,b,c є R 
*  |nthe radical Mx ,X is radical sign, x is radicand or base and n 
is index of radical. = 
*  |ndices and laws of indices: 
Va,bceRandm,nez, 
(а")" = ат", (qb) = атр" 


B 28 pag 
b b^ 


ата" = атп 
т 
а 1 
—=a"",a#0 
a 
a"=—,a#0 
a° =1 


* Complex number z = + bi is defined using imaginary unit i = J-1. 
where a, b € Randa = Re (2), b = Im (z) 
* Conjugate of z = а + biis defined as z =a — bi 


version: 1.1 
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LOGARITHMS 


Animation 3.1:Laws of logarithms 
Source & Credit: 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 
* express a number in standard form of scientific notation and vice 
versa. 
e define logarithm of a number y to the base a as the power to which 
a must be raised to give the number (i.e., a = у slog y - x, а> 0, 
• а=1апду> 0). 
* define а common logarithm, characteristic апа mantissa of log of 
a number. 
* usetables to find the log of a number. 
* give concept of antilog and use tables to find the antilog of a 
number. 
* differentiate between common and natural logarithm. 
* prove the following laws of logarithm 
* log (mn) = log m + log, n, 
* log. (2) = log m - logn, 
* Іор т" = nlog,m, 
* log mlog_n= Іов п. 
* apply laws of logarithm to convert lengthy processes of 
multiplication, division and exponentiation into easier processes 
of addition and subtraction etc. 


Introduction 


The difficult and complicated calculations become easier by using 
logarithms. 
Abu Muhammad Musa Al Khwarizmi first gave the idea of logarithms. 
Later on, in the seventeenth century John Napier extended his work 
on logarithms and prepared tables for logarithms He used "e" as 
the base for the preparation of logarithm tables. Professor Henry 
Briggs had a special interest in the work of John Napier. He prepared 
logarithim tables with base 10. Antilogarithm table was prepared by 


Jobst Burgi in 1620 A.D. 
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3.1 Scientific Notation 


There are so many numbers that we use in science and technical 
work that are either very small or very large. For instance, the distance 
from the Earth to the Sun is 150,000,000 km approximately and a 
hydrogen atom weighs 0.000,000,000,000,000,000,000,001,7 gram. 
While writing these numbers in ordinary notation (standard notation) 
there is always chance of making an error by omitting a zero or 
writing more than actual number of zeros. To overcome this problem, 
scientists have developed a concise, precise and convenient method 
to write very small or very large numbers, that is called scientific 
notation of expressing an ordinary number. 

A number written in the form a x 10^, where 1 <a < 10 and n is ап 
integer, is called the scientific notation. 
The above mentioned numbers (in 3.1) can be conveniently written 
in scientific notation as 1.5 х 10? km and 1.7 x 10% gm respectively. 


Example 1 
Write each of the following ordinary numbers in scientific notation 
(i) 30600 (ii) 0.000058 

Solution 


30600 = 3.06 x 10* (move decimal point four places to the left) 
0.000058 = 5.8 x 10° (move decimal point five places to the right) 


Observe that for expressing a number in scientific notation 
(i) Place the decimal point after the first non-zero digit of given 
number. 
(ii) We multiply the number obtained in step (i), by 10^ if we shifted 
the decimal point n places to the left 
(iii) We multiply the number obtained in step (i) by 10" if we shifted 
the decimal point n places to the right. 
(iv) On the other hand, if we want to change a number from scientific 
notation to ordinary (standard) notation, we simply reverse the 


process. (5) 
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Example 2 
Change each of the following numbers from scientific notation to 
ordinary notation. (i) 6.35 x 10° (ii) 7.61 x 10% 


Solution 

(i) | 6.35 x 106 = 6350000 (move the decimal point six places 
to the right) 

(move the decimal point four places 


to the left) 


(ii) 7.61 x 10“ = 0.000761 


EXERCISE 3.1 


Express each of the following numbers in scientific notation. 


(i) 5700 (1) 49,800,000 (iii) 96,000,000 


(iv) 416.9 (v) 83,000 (vi) 0.00643 
(vii) 0.0074 (viii) 60,000,000 (ix) 0.00000000395 
(x) 275,000 

0.0025 


Express the following numbers in ordinary notation. 


() 6x104 (ii) 5.06 x 101? 
(1) 9.018x 109 (iv) 7.865 x 108 
3.2 Logarithm 


Logarithms are useful tools for accurate and rapid computations. 
Logarithms with base 10 are known as common logarithms and 
those with base e are known as natural logarithms. We shall define 
logarithms with base a > 0 anda ғ 1. 


3.2.1 Logarithm of a Real Number 


If a* = y, then x is called the logarithm of y to the base ‘a’ and is 


written as 
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log у= х, мһегеа> 0, ағ 1 andy» 0. 
i.e., the logarithm of a number y to the base ‘a’ is the index x of the 
power to which a must be raised to get that number y. 
The relations a* = y and log y = x are equivalent. When one relation 
is given, it can be converted into the other. Thus 


0 = у e logy=x 


a* = y and log, y = x are respectively exponential and logarithmic 
form of the same relation. 
To explain these remarks ,we observe that 
32- 9 is equivalent to 10g, 9 = 2 


a 1 ; (1ү _ 
апа 27-02 is equivalent to log, =) = 


Logarithm of a negative 
number is not defined at 


2 this stage. 
Similarly, we can say that 


log,27 = З is equivalent to 27 = 3° 


Example 3 
Find 10g,2, i.e., find log of 2 to the base 4. 


Solution 
Let 106,2 = x. 
Then its exponential form is 4* = 2 
Le, 2522! > 2х = 1 
х= і > log,2 = = 


Deductions from Definition of Logarithm 
1. Since a®=1, log. 1=0 2. Sincea’=a, loga-1 


©) 
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3.22 Definitions of Common Logarithm, Characteristic 
and Mantissa Definition of Common Logarithm 


In numerical calculations, the base of logarithm is always taken 
as 10. These logarithms are called common logarithms or Briggesian 
logarithms in honour of Henry Briggs, an English mathematician and 
astronomer, who developed them. 


Characteristic and Mantissa of Log of a Number 
Consider the following 


10? = 1000 < 108 1000 =3 
102 = 100 < 108100 =2 
10! = 10 «€» log 10 - 
10921 «€»  log1 0 
107 = 0.1 «€» 1080 --1 
107 = 0.01 «€ 1080.01 =-2 
102 = 0.001 = 1080.001 =-3 


Note: 


By convention, if only the common logarithms are used 


throughout a discussion, the base 10 is not written. 


Also consider the following table 


For the numbers the logarithm is 


Between 1 and 10 a decimal 
Between 10 and 100 1 * a decimal 
Between 100 and 1000 2 + a decimal 


-1 * a decimal 


Between 0.1 and 1 
Between 0.01 and 0.1 


Between 0.001 and 0.01 


-2 * a decimal 


-3 * a decimal 
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Observe that 


The logarithm of any number consists of two parts: 
(i An integral part which is positive for a number greater than 1 and 
negative for a number less than 1, is called the characteristic of 


logarithm of the number. 
(ii) A decimal part which is always positive, is called the mantissa of 
the logarithm of the number. 


(i) Characteristic of Logarithm of a Number > 1 

The first part of above table shows that if a number has one 
digit in the integral part, then the characteristic is zero; if its integral 
part has two digits, then the characteristic is one; with three digits in 
the integral part, the characteristic is two, and so on. 

In other words, the characteristic of the logarithm of a number 
greater than 1 is always one less than the number of digits in the 
integral part of the number. 

When a number b is written in the scientific notation, i.e., in the 
form b = a x10" where 1 « a < 10, the power of 10 i.e., n will give the 
characteristic of log b. 


Examples 


h istic of 
Number Scientific Notation 5 recede i 
the Logarithm 


1.02 x10? 0 
9.96 х 10' 1 
1.02 x 10? 2 
1.6624 x 10? 3 
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Characteristic of Logarithm of a Number « 1 
The second part of the table indicates that, if a number has no 

zero immediately after the decimal point, the characteristic is -1; if it 
has one zero immediately after the decimal point, the characteristic 
is -2; if it has two zeros immediately after the decimal point, the 
characteristic is -3; etc. 

In other words, the characteristic of the logarithm of a number 
less than 1, is always negative and one more than the number of zeros 
immediately after the decimal point of the number. 


Example 
Write the characteristic of the log of following numbers by 
expressing them in scientific notation and noting the power of 10. 
0.872, 0.02, 0.00345 


Solution 


Characteristic of 
the Logarithm 


Number Scientific Notation 


0.872 8.72х 107 
0.02 2.0 х 10? 
0.00345 3.45 x 10? 


When a number is less than 1, the characteristic of its logarithm is 
written by convention, as 3, 2 or 1 instead of —3, 2 or -1 respectively 
(3 is read as bar 3) to avoid the mantissa becoming negative. 


Note: 
2.3748 does not mean -2.3748. In 2.3748, 2 is negative but .3748 
is positive; Whereas in —2.3748 both 2 and .3748 are negative. 


(ii) Finding the Mantissa of the Logarithm of a Number 
While the characteristic of the logarithm of a number is written 
merely by inspection, the mantissa is found by making use of 
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logarithmic tables. These tables have been constructed to obtain the 

logarithms up to 7 decimal places. For all practical purposes, a four- 

figure logarithmic table will provide sufficient accuracy. 
A logarithmic table is divided into 3 parts. 

(a) The first part of the table is the extreme left column headed by 
blank square. This column contains numbers from 10 to 99 
corresponding to the first two digits of the number whose 
logarithm is required. 

(b) The second part of the table consists of 10 columns, headed by 
0, 1, 2, ..,9. These headings correspond to the third digit from 
the left of the number. The numbers under these columns 
record mantissa of the logarithms with decimal point omitted 
for simplicity. 

(c) The third part of the table further consists of small columns 
known as mean differences columns headed by 1, 2, 3, ...,9. 
These headings correspond to the fourth digit from the left of 
the number. The readings of these columns are added to the 
mantissa recorded in second part (b) above. 


When the four-figure log table is used to find the mantissa of the 
logarithm of a number, the decimal point is ignored and the number 
is rounded to four significant figures. 

3.2.3 Using Tables to find log of a Number 
The method to find log of a number is explained in the 
following examples. In the first two examples, we shall confine to 


finding mantissa only. 


Example 1 
Find the mantissa of the logarithm of 43.254 


Solution 
Rounding off 43.254 we consider only the four significant digits 


© 


4325 
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. We first locate the row corresponding to 43 in the log tables and 

2. Proceed horizontally till we reach the column corresponding to 2. 
The number at the intersection is 6355. 

3. Again proceeding horizontally till the mean difference column 
corresponding to 5 intersects this row, we get the number 5 at the 
intersection. 

4. Adding the two numbers 6355 and 5, we get .6360 as the mantissa 
of the logarithm of 43.25. 


Example 2 
Find the mantissa of the logarithm of 0.002347 


Solution 

Here also, we consider only the four significant digits 2347 
We first locate the row corresponding to 23 in the logarithm tables 
and proceed as before. 
Along the same row to its intersection with the column corresponding 
to 4 the resulting number is 3692. The number at the intersection of 
this row and the mean difference column corresponding to 7 is 13. 
Hence the sum of 3692 and 13 gives the mantissa of the logarithm of 
0.002347 as 0.3705 


Note: 


The logarithms of numbers having the same sequence of 


significant digits have the same mantissa. e.g., the mantissa 
of log of numbers 0.002347 and 0.2347 is 0.3705 


For finding the common logarithm of any given number, 


(i) Round off the number to four significant digits. 
(ii) Findthe characteristicofthelogarithm ofthe number by inspection. 
(iii) Find the mantissa of the logarithm of the number from the log 


tables. 


(iv) Combine the two. 
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Example 3 
Find (i) log 278.23 (ii) log 0.07058 


Solution 
(i) 278.23 can be round off as 278.2 
The characteristic is 2 and the mantissa, using log tables, is .4443 
log 278.23 = 2.4443 
(ii) The characteristic of log 0.07058 is -2 which is written as 2 by 
convention. Using log tables the mantissa is .8487, so that 
log 0.07058 = 2.8487 


3.2.4 The Concept of Antilogarithm and Use of Antilog 
Tables 


The number whose logarithm is given is called antilogarithm. 
ie, if logy = х, then y is the antilogarithm of x, or y = antilog x 


Finding the Number whose Logarithm is Known 
We ignore the characteristic and consider only the mantissa. In the 
antilogarithm page of the log table, we locate the row corresponding 
to the first two digits of the mantissa (taken together with the decimal 
point). Then we proceed along this row till it intersects the column 
corresponding to the third digit of the mantissa. The number at the 
intersection is added with the number at the intersection of this row 
and the mean difference column corresponding to the fourth digit of 
the mantissa. 
Thus the significant figures of the required number are obtained. 

Now only the decimal point is to be fixed. 

(i) If the characteristic of the given logarithm is positive, that number 
increased by 1 gives the number of figures to the left of the decimal 
point in the required number. 

(ii) If the characteristic is negative, its numerical value decreased by 
1 gives the number of zeros to the right of the decimal point in the 


required number. 


eLearn.Punjab 


3. Logarithms 


eLearn.Punjab 


Example 
Find the numbers whose logarithms are (i) 1.3247 (ii) 2.1324 


Solution 
(i) 1.3247 

Reading along the row corresponding to .32 (as mantissa 
= 0.3247), we get 2109 at the intersection of this row with the column 
corresponding to 4. The number at the intersection of this row and 
the mean difference column corresponding to 7 is 3. Adding 2109 and 
3 we get 2112. 

Since the characteristic is 1 it is increased by 1 (because there 
should be two digits in the integral part) and therefore the decimal 
point is fixed after two digits from left in 2112. 

Hence antilog of 1.3247 is 21.12. 

(ii) 2.1324 

Proceeding as in (i) the significant figures corresponding to the 
mantissa 0.1324 are 1356. Since the characteristic is 2, its numerical 
value 2 is decreased by 1. Hence there will be one zero after the 
decimal point. Ш 

Hence antilog of 2.1324 is 0.01356. 


EXERCISE 3.2 


1. Find the common logarithm of each of the following numbers. 
(i) 232.92 (ii) 29.326 
(iii) 0.00032 (iv) 0.3206 
2. If log 31.09 = 1.4926, find values of the following 
(i) log 3.109, (ii) log 310.9, (iii) log 0.003109, 
(iv) log 0.3109 without using tables. 


3. Find the numbers whose common logarithms are 
(i) 3.5621 (i) ^ 1.7427 

4. What replacement for the unknown in each of following will make 
the statement true? 

(i) log, 81-L (ii) log, 6 = 0.5 


Q2) 
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(iii) (iv) 10° = 40 


5. Evaluate 


Іов. п = 2 


| 
(i) log; zg (1) log 512 to the base 27. 


6. Find the value of x from the following statements. 
(i) logx=5 (ii) log,9=x (ii) log,8- - 
(iv) log 64 =2 (v) log.x=4 


3.3 Common Logarithm and Natural Logarithm 


In 3.2.2 we have introduced common logarithm having base 
10. Common logarithm is also known as decadic logarithms named 
after its base 10. We usually take logx to mean log,,x , and this type 
of logarithm is more convenient to use in numerical calculations. 
John Napier prepared the logarithms tables to the base e. Napier's 
logarithms are also called Natural Logarithms He released the first 
ever log tables in 1614. log, x is conventionally given the notation In x. 
In many theoretical investigations in science and engineering, it is 
often convenient to have a base e, an irrational number, whose value 
is 2.7182818... 


3.4 Laws of Logarithm 


In this section we shall prove the laws of logarithm and then 
apply them to find products, quotients, powers and roots of numbers. 


log (mn) = log 


Od 


m 
z |= logam — log,n 


m + log,n 


n 
log m =n log т 
га oa 


log п = log,n x log, b 
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(i) log (тп) = 102 т + log.n Hence у =antilog 3.0912 = 0.001234 


( \ 

Let logym = х and log,n =y (1) log, | = | = log т — log п 

Writing in exponential form a* = m and о? = п. AR 1 | 
ах a'-mn 

Le, 0% = тп 

ог Іов (mn)=x+y=log т + Іов п 


Геї logom-x апа log n=y 
Hence log (mn) = log, m + log n Then ах = тапа о =n 
Qo 8m mMm 
Е ain, а = 
(i) log (mn) = log, m х Іов п 
T | (m) 
(ii) log,m + Іор п # log (m+n) ie. log, | = | =x—y=log,m—log,n 
(iii) log,(mnp Эв “орт + og, n К 108P + бал 
The rule given above is useful in finding the product of two or Hence log, | ч | = log,m — log,n 
more numbers using logarithms. We illustrate this with the following 
examples. Note: 


й тү log,m 
(1) log, | | + 
"inj log,n 


Evaluate 291.3 x 42.36 


(1) 1log,m —1og,n 4 log, (m — n) 


(11) log, | 5 | = log,1 —log,n =—log,n (C. log,1 = 0) 

Let х = 291.3 x 42.36 logia = 1 
Then log х= log (291.3 х 42.36) 

= log 291.3 + log 42.36, (log mn = log, m + log_n) Evaluate 291.3 

= 2.4643 + 1.6269 = 4.0912 42.36 

x = antilog 4.0912 = 12340 
291.3 291.3 
Evaluate 0.2913 x 0.004236. хайн ЕТЕ a 


. | | т 
Then log x = log 291.3 — log 42.36 (-. log, „= log,m — log,n) 


Then log y = log 0.2913 + log 0.004236 Thus x = antilog 0.8374 = 6.877 
= 1.4643 + 3.6269 
- 3.0912 
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(iv) Change of Base Formula 


0.002913 | | | i log, n 
lualnato 2209 og,n=log,nxlog,b or үс, 
Evaluate 0.04236 log, a 

Let log, п = x so that n= b* 


0.002913 / 0.002913? 
Let у= 704236 , then log y=log| 5004236 | 
or log y = log 0.002913 - log 0.04236 
log y = 3.4643 — 2.6269 Е 
= 3 + (0.4643 – 0.6269) - 2 


Taking log їо the base a, we have 

log, n = log b* = x log, b = log, n log, b 
Thus log n=log,nlog 0b — 1 1... (i) 
Putting n = а in the above result, we get 

log, a x log, р = Іов 0-1 


-3-0.1626 -2 

-34(1-0.1626)- 1-2, (adding and subtracting 1) or log b-1—— 
_ п | um 

= 2.8374 [ 3-1-2-2-3-1-(-2)--2- 2] e 


Hence equation (1) gives 


Therefore, y = antilog 2.8374 = 0.06877 à 
og, n 

log, n 21—— 
m Sa log, a 
(iii) log (m^) = n log т | | 
Using the above rule, a natural logarithm can be converted to a 


common logarithm and vice versa. 


Let log m"=x, ie,ao*-m" logio n 

“ | log, n-log,,nxlog,10 or КТЕ" 
and logm-y, ie,o-m 0810 € 
Then а = т" = (qy log, n 
ie., а= (о) = от = х= пу log,,n=log.nxXlog,,e or log. 10 


i.e. log m" =n log, m | 
The values of log, 10 апа log,, e are available from the tables: 


| 1 = = 
log, 10 = 0.4343 = 2.3026 and log, €= log 2.718 = 0.4343 
к 
Evaluate + (0.0163) 


1-—— ч Calculate log,3 x 10g,8 
Let y -2N(0.0163) = (0.0163) " 

= 3 3 = 6.6366 84+ 2.6366 
hen log y = 7 (log 0.0163) -1Х 22122:--1- s 


= 2+0.6592 = 2.6592 


We know that 

ыг log,n 

Hence у -antilog 2.6592 log,n = log,a 
= 0.04562 | 
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log3 108 8 
9 


log 2 ” log 3 


log,3 xlog,8 = 


Note: 


(i) During conversion the product form of the change of base rule 
may often be convenient. 


(ii) Logarithms can be defined to any positive base other than 1, е 
or 10, and are useful for solving equations in which the unknown 
appears as the exponent of some other quantity. 


EXERCISE 3.3 
1. Write the following into sum or difference 
- E 15.2 - 21x5 
(1) log (A x B) (11) log 30.5 (111) log р 
ыг у toe Q2" 3 toe 25541 
(iv) log N 15 (v) log 5) (v1) log 29 


2. Express log x - 2 log x + 3 log (x + 1) - log (x? - 1) as a single 


logarithm. 
3. Write the following in the form of a single logarithm. 
(i) log 21 * log 5 (ii) log 25 - 2 log 3 
(i) 2 log x-3 logy (iv) 1085 +1086 -log2 
4. Calculate the following: 
(i) log,2 x 10g,81 (ii) log.3 х 10g,25 


5. If log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990, then find the 
values of the following 


(i) log 32 (i) log 24 (iii) log\| 3 
(iv) log 2 (v) log 30 
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3.5 Application of Laws of Logarithm in 
Numerical Calculations 


So far we have applied laws of logarithm to simple type of 
products, quotients, powers or roots of numbers. We now extend their 
application to more difficult examples to verify their effectiveness in 
simplification. 


Example 1 
Show that 
- o ae 
08 15 + - 08747 08 86 = Og 2. 
Solution 


L.H.S. =7 log х +5 log = + 3 log a 
= 7[log 16 – log 15] + 5[log 25 – log 24] + 3[log 81 - log 80] 
= 7[log 2^ – log (3 x 5)] + 5[log 5? - log (2? x 3)] + Зор 3^— 
log (2^ x 5)] 
= 7[4 log 2 - log 3 - log 5] + 5[2 log 5 – 3 log 2 - log 3] + 3[4 
log 3-4 log2 - log 5] 
= (28 – 15 – 12) log 2 + (-7 – 5 + 12) log 3 + (-7 + 10 - 3)log 5 
= |og 2 + 0 + 0 = log 2 = R.H.S. 
Example 2 


7 


3 [0.07921 x (18.99)? 
Evaluate: | (579) x 0.9474 


Solution 


"ODE, [0.07921 x (18.99) _ (0.07921 x (18.99)" ^ 
й "| (579) x0.9474 | 


СА (579) x 0.9474 / 


Then log y = = log | { 
7^ 3 ®\ (579) x0.9474 / 


=з [log (0.07921 x (18.99)"} — log ((5.79) x 0.9474 }] 


— 


log 0.07921 + 2 log 18.99 — 4 log 5.79 — log 0.9474] 


=з! 
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[2.8988 + 2(1.2786) — 4(0.7627) — 1.9765] 
[ 2.8988 + 2.5572 — 3.0508 — 1.9765] 


| 1 - 
= = [1.4560 — 3.0273] = 4 ( 2.4287) 
3 3 


2 3 + 1.4287) 
= 1404762 - 1.4762 
or y = antilog 1.4762 = 0.2993 
Example 3 
Given A = А,е*“. If k = 2, what should be the value of d to make 
A, 
A =A ? 
Solution 


; A 
Given that A = Ае > =—=е 


Substituting k = 2, and A= 2 , ме get + = ed 
Taking common log on both sides, 
log,,1 —log,,2 = -2d log,,e, where e = 2.718 
0 — 0.3010 = -2d (0.4343) 


з –__0:3010__ 3465 
6 72x04343 79 


EXERCISE 3.4 


1. Use log tables to find the value of 


0.678 x 9.01 
0.0234 


(1.23) (0.6975) . * [0.7214 x 20.37 
(0.0075) (1278) (м) AJ 60.8 


(i)  0.8176x13.64 (i) (789.5) (iii) 


(iv) 402.709 x 1.239 (v) 


. 
83 x 492 


(vii) й (viii) 
5 — 
127 x N246 


(438) 40.056 
(388)' 
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(i) 
(11) 
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A gas is expanding according to the law pv” = C. Find C when 
p-80,v-3.1and , =. 
The formula p = 90 (5)*"? applies to the demand of a product, 
where q is the number of units and p is the price of one unit. 
How many units will be demanded if the price is Rs 18.00? 
If A= nr’, find A, when x = 2 апа = 15 


lf V = EX: rh, find V, when x = - r=2.5andh=4.2 
REVIEW EXERCISE 3 


Multiple Choice Questions. Choose the correct answer. 


Complete the following: 
For common logarithm, the base is ........ 
The integral part of the common logarithm of anumber is called 


the ..... 

The decimal part of the common logarithm of a number is called 
the .... 

If x = log y, then y is called the ........... of x. 

If the charactcristic of the logarithm of a number is 2, that 
number will have ......... zero(s) immediately after the decimal 
point. 


If the characteristic of the logarithm of a number is 1, that 
number will have digits in its integral part. 


Find the value of x in the following: 


log,x = 5 (i) 108,256 = x 
| . -2 
108655 = 4 X (iv) log., х= 3 


@) 
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Find the value of x in the following: The number corresponding to a given logarithm is known as 
(i) log x = 2.4543 (ii) log x= 0.1821 antilogarithm. 
(iii) log x = 0.0044 (iv) logx = 1.6238 * log,10 = 2.3026 and Іор, е = 0.4343 
5. If log 2 = 0.3010, log 3 = 0.4771 and log 5 = 0.6990, then find the * Laws of logarithms. 
values of the following: (i) log (mn) = log, m * log, n 
(i) log, (7) = log, m - log,n 
(i) log 45 (ii) log 15. (iii) log 0.048 (11) log (007) = nlog, m 


(iv) log,n = log, n - log, b 
6. Simplify the following: 


, 3 : _. (8.97) х (3.95) 
(i) 425.47 (ii) 4342.2 (ш) — 


4115.37 


SUMMARY 


* If a* = y, then x is called the logarithm of y to the base a and is 
written as х = log, y, where а> 0, a + 1 and у> 0. 

* Ifx-log, y, then a* = y. 

* |f the base of the logarithm is taken as 10, it is known as 
common logarithm and if the base is taken as е(=2.718) 
then it is known as natural or Naperian logarithm. 

* The integral part of the common logarithm of a number is called 
the characteristic and the decimal part the mantissa. 

* (i) Foranumber greater than 1, the characteristic of its logarithm 

, is equal to the number of digits in the integral part of the 

number minus one. 

* (ii) For a number less than 1, the characteristic of its logarithm 

^is always negative and is equal to the number of zeros 
immediately after the decimal point of the number plus one. 

* When a number is less than 1, the characteristic is always written 
as 3, 2, 1 (instead of —3, -2, -1) to avoid the mantissa becoming 
negative 

* Thelogarithms of numbers having the same sequence of significant 
digits have the same mantissa. 
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4. Algebraic Expressions and Algebraic Formulas 


Students Learning Outcomes 


After studying this unit, the students will be able to: 
x Know that a rational expression behaves like a rational number. 


х Define a rational expression as the quotient Ро of two 
qix 


polynomials p(x) and q(x) where q(x) is not the zero polynomial. 
x Examine whether a given algebraic expression is a 

* polynomial or not, 

* rational expression or not. 


x Define m as a rational expression in its lowest terms if p(x) and 
q(x) are polynomials with integral coefficients and having no 
common factor. 

x Examine whether a given rational algebraic expression is in lowest 
from or not. 

Reduce a given rational expression to its lowest terms. 
Find the sum, difference and product of rational expressions. 

х Divide a rational expression with another and express the result in 
it lowest terms. 

x Find value of algebraic expression for some particular real number. 
Know the formulas 
(а + b} + (a - b} = 2(a* + b?), 

(a + by - (a - by = 4ab 

x Find the value of a? + b? and of ab when the values of a + b and 
a - b are known. 

x Know the formulas 
(а + р + с)? = а? + р? + с? + 2ab + 2bc + 2ca. 

х find the value of a? + b? + c? when the values of a + b + cand 
ab + bc + ca are given. 

х find the value of a + b + c when the values of a? + b? + c? and 
ab * bc * ca are given. 

х find the value of ab + bc + ca when the values of a? + b? + c? and 


а + Б + саге given. (2) 
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know the formulas 

(a + by = a? + 3ab(a + b) + b?, 

(a - Б)? = d? - 3ab(a – b) - b?, 

find the value of a? + b? when the values of a + b and ab are given 
х find the value of x? + when the value of x+ is given. 

know the formulas 

a? + b? = (а + Б)(а2 + ab + b?). 


* find the product of тэ and xa. 
X X 


* find the product of x- and x’ тээн 
* find the continued product of 
(x + у) (x — у) (x? + xy + y?) (x? — xy + y). 
recognize the surds and their application. 
x explain the surds of second order. Use basic operations on surds 
of second order to rationalize the denominators and evaluate it. 
х explain rationalization (with precise meaning) of real numbers of 


the types and their combinations where x and y 


1 1 
агч 


are natural numbers and a and b integers. 


4.1 Algebraic Expressions 


Algebra is a generalization of arithmetic. Recall that when 
operations of addition and subtraction are applied to algebraic terms, 


we obtain an algebraic expression. For instance, 5x^- Зх + + and 
X 
3xy + E (x z 0) are algebraic expressions. 
X 
Polynomials 


A polynomial in the variable x is an algebraic expression of the 
form PX) SO x" +a qd +a „х?+..+ах+а„ а s D ss (i) 


(3) 
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where n, the highest power of x, is a non-negative integer called the 
degree of the polynomial and each coefficient a „is a real number. The 
coefficient a, of the highest power of x is called the leading coefficient 
of the polynomial. 2x^y? + х?у? + 8х is a polynomial in two variables х 
and y and has degree 7. 

From the study of similar properties of integers and polynomials 
w.r.t. addition and multiplication, we may say that polynomials behave 
like integers. 


Self Testing 


Justify the following as polynomial or not a polynomial. 
() 3x2+8x+5 (i) x? + 42x? +5x-3 


2 
(i) x°+Jx-4 (i) eer 
3х +4 


4.1.1 Rational Expressions Behave like Rational Numbers 
Let a and b be two integers, then " is not necessarily an integer. 


Therefore, number system is extended and Ч is defined as a rational 
b 
number where а, b e Zand 0-0. 


is not 


Similarly, if p(x) and q(x) are two polynomials, the Ро 
а(х 


necessarily a polynomial, where q(x) = 0. Therefore, similar to the idea 
of rational numbers, concept of rational expressions is developed. 


4.1.2 Rational Expression 


The quotient pe of two polynomials, p(x) and q(x), where q(x) 
qx 


is anon-zero polynomial, is called a rational expression. 


2x+1 ; ; ; 
For example, - = Зх + 8 #0 is a rational expression. 
XF 
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In the rational expression PS, p(x) is called the numerator and q(x) 
q(x 


is known as the denominator of the rational expression pou. The 
q(x) 
rational expression PU need not be a polynomial. 
Note: q(x) 
Every polynomial p(x) can be regarded as a rational expression, 


since we can write p(x) as PO) Thus, every polynomial is a rational 


expression, but every rational expression need not be a polynomial. 


Self Testing 
Identify the following as a rational expression or not a rational 
expression. 


2w46 3x48 9 x! + 4x45 | Vx 


II ————— Ill ——————— 
3x-4 ш x +x+2 vil x! «34x +4 


(i) 


4.1.3 Properties of Rational Expressions 


The method for operations with rational expressions is similar 
to operations with rational numbers. 

Let p(x), q(x), r(x), s(x) be any polynomials such that all values of 
the variable that make a rational expression undefined are excluded 
from the domain. Then following properties of rational expressions 
hold under the supposition that they all are defined (i.e., denominator 
(s) « 0). 


() POD 709 if and only if p(x) s(x) = g(x) r(x) (Equality) 
q(x) s(x) 

(ii) шэг. (Cancellation) 
q(x)k q(x) 

(1) p(x) | r(x) | р(х) s(x) + q(x) r(x) (Addition) 


q(x) r(x) q(x) s(x) (5) 
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р(х) (х) р(х)50)-409 r(x) 
q(x) s(x) q(x) s(x) 
ы. BUD FOU DUO TO) 

q(x) s(x) q(x) s(x) 
м) PO), 700. PG) зб) Р(х) sx) (Division) 
Ux) s(x) g(x) r(x) g(x) r(x) 


(vii) Additive inverse of 2 is 2 
q(x) q(x) 


(iv) (Subtraction) 


(Multiplication) 


(viii) Multiplicative inverse or reciprocal of ро) iS GOD 020 
q 


27 (x) P 


4.1.4 Rational Expression in its Lowest form 


p(x) 
q(x) 


The rational expression is said to be in its lowest form, if 


p(x) and q(x) are polynomials with integral coefficients and have no 
common factor. 


r+] 
For example, 


ы 


is in its lowest form. 


X 
4.1.5 To examine whether a rational expression is in lowest 
form or not 


To examine the rational expression PS find H.C.F of p(x) and 
q(x 


q(x). If H.C.F is 1, then the rational expression is in lowest form. 
For example, —— L is in its lowest form as Н.С.Е. of x- 1 and 
х2 + 1151. к 


4.1.6 Working Rule to reduce a rational expression to its 
lowest terms 


p(x) 
(x) 


Let the given rational expression be 


©) 
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Step | Factorize each of the two polynomials p(x) and q(x). 

Step II Find H.C. F. of p(x) and q(x). 

Step III Divide the numerator p(x) and the denominator q(x) by the 
H.C. F. of p(x) and q(x). The rational expression so obtained, 
is in its lowest terms. 

In other words, an algebraic fraction can be reduced to its lowest 
form by first factorizing both the polynomials in the numerator and 
the denominator and then cancelling the common factors between 
them. 


Example 
Reduce the following algebraic fractions to their lowest form. 


lx + mx — ly — ту (ii) 3x? + 18х 4 27 


(i) 


3x -3y 5x — 45 
Solution 
(i) lx + mx—ly -my _ х(1+ т) – у(1+ т) 
3x = 3y" 3c – у?) 
“Зүхжу)(х-у)р oee (factorizing) 
_ l+m | 
“З(хфу)р шш (cancelling common factors) 


which is in the lowest form 


ү 3X°+18x+27 — 3Qà 6x9) 
(0 52-45 = 502-9) 


3( + 3) (х+ 3) T 
B ari ан (factorizing) 


Sx + 3) (x - 3) 


-3(х-3) | 
Є (cancelling common factors) 


2 (monomial factors) 


which is in the lowest form. 
4.1.7 Sum, Difference and Product of Rational Expressions 


For finding sum and difference of algebraic expressions 


Q 
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containing rational expressions, we take the L.C.M. of the 
denominators and simplify as explained in the following examples 


by using properties stated in 4.1.3. 


Example 1 
2 
Simplify: 0 ——-——+—=©— 0 р -> 
x-y x+y x-y x -16 x-4 x+2 
Solution 
; 1 1 2x 1 1 2x 
(i) + 5 


= + 
x-y x+y х-у x-y x+y (х+у)х-у) 


sO (L.C.M. of denominators) 


(x+ у)(х— у) 
_X+y-X+y+2x 
(х+ у)(х— у) 
е (simplifying) 
(x+ yx - y) 
E ir ЭРЭН (cancelling common factors) 
(x*y(x-y) x-y 
(1) 2 Е Е " 1 
x 16 x -4 x+2 
= M 2 +—1_ (difference of two squares) 
(x +4)(х -4 x -4 х+2 
_ 2x FEN хээ. 
(x? -4)(x-2)x-2) (x-2)x-2) x+2 
2x -x(X -4)*(x *4(x-2) 2x -x'-Ax*x +4x -2x -8 
(x? + 4)(х + 2)(x – 2) (x? + 4)(x + 2)(х– 2) 
CÓ — (on simplification) 
(x^ + 4)(х + 2)(x - 2) 
Example 2 


с+2 4-9 20020002 
2x-3y xy+2y (in simplified form) 


Find the product 
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Solution 
х+2 4x-9y (x*2)|Qxy -Gyy] 


2x-3y xy*2y (2х-3у)(х+2)у 


(monomial factors) 


(x +2) (2x + 3y) Qx - 3у) E 
= »«*20x-3) . (factorizing) 


2x + 3y 


-—— (reduced to the lowest forms) 


4.1.8 Dividing a Rational Expression with another Rational 
Expression 


In order to divide one rational expression with another, we first 
invert for changing division to multiplication and simplify the resulting 
product to the lowest terms. 


Example 
, , 7ху . 14у 
Simplify шл 14 
Solution 
7ху . 14у 


Хї-4х-4 02-4 
» 7ху х2-4 
| xi-4x-4 | 14у 
7ху (x +2) (х-2) E 
=p у ...(factorizing) 
X2) 
2(x —2) 


..(changingdivisioninto multiplication) 


.. (reduced to lowest forms) 


4.1.9 Evaluation of Algebraic Expression for some particular 
Real Number Definition 


If specific numbers are substituted for the variables in an 
algebraic expression, the resulting number is called the value of the 


expression. 
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Example 
2 
Evaluate 3x dy +6 ifx-—-4andy-9 
5(х + y) 

Solution 

We have, by putting x = – 4 апау = 9, 
3X y +6_ 31-47 9-6 30613) +6150 _ 

5(х+ у) 5(—4 4- 9) 5(5) 25 
EXERCISE 4.1 


6 


1. Identify whether the following algebraic expressions are 
polynomials (Yes or No). 
(i) а Б (i) Зх —4x? - xx +3 
X 


3x 
2x-1 


(1) x?-3x+J2 (iv) +8 


2. State whether each of the following expressions is a rational 
expression or not. 


(i) 3x (ii) И 
3/x +5 2+3х-– х 
2 
üi) X EE (iv) 24x +3 
x -9 24x -3 
3. Reduce the following rational expressions to the lowest form. 
2.3.5 
(i) 2A с (ii 0 
30х yz 2(x* —1) 
2 3 3 2 2 
(iii (x+y) -аху (iv) (x -=y Хх —2хуъу ) 
(x-y) (x= y(x + xy +y“) 
(V) (x + 2)(x? —1) (vi) x! -4х+4 
(x +1)(x? — 4) 2х? -8 
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" 64x? – 64x wey 9х – (х? – 4)? 
(vii) ; (viii) 2 
(8x° +8)(2х + 2) 4-3Х-Х 
3 — 
4. Evaluate (a) кул for 


(i) x=3,y=-1,z=-2 (ii) x=-1,y=-9,z=4 
(b) torx4yes-2 758] 
5. Perform the indicated operation and simplify. 


(i) 15 4 (ii) 14:28: ш. 
2х-Зу Зу—2х 1—2x 1+2x 
ү X —25 х+5 . X 2x 
(iii) ——- (iv) шээг 
x —36 х-6 x-y x+y x-y 
Х-2 х-2 : 1 1 2 4 


шог 
х? +6х+9 2x!-18 x-1 x41 x £I x-1 


6. Perform the indicated operation and simplify. 


5x42 .. 4x-12 18-2%° 
| х? —49).——— ii 23 
(9 ( х+7 0) x°-9 х -6х-9 
(iii) x a +(x" + х?у? 4 y^) (iv) QU = y X -2xy + y^) 
xy (x — у)(х? + xy + y^) 
x!-1 х-5 


(v) 


x 2x41 1-x 


4.2 Algebraic Formulae 
4.2.1 Using the formulas 


(i) (a+b)? *(a- by = 2(a2 + b?) and (a + b)?- (a - by = 4ab 
The process of finding the values of a? * b? and abis explained in 
the following examples. 


(7)? - (3)? = 4ab ....(substituting given values) 


49-9 = 4ab 


y 4 
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Example (a*b*cy-43-2*x3 (Putting a? + b? + c? = 43 and 
Ifa+b=7anda -b = 3, then find the value of (a) à? + b? (b) ab ab + bc + ca = 3) 
= (a+b+c} = 49 
Solution 5 a+b+c= +449 
We are given thata + b = 7 and a-b=3 Hence a+tbt+c=+7 
(a) To find the value of (a? + b?), we use the formula 
(a + by + (a – b} = 2(a° + 82) Example 2 
Substituting the values a + b = 7 and a ~ b = 3, we get lfa+b+c=6and а? + 22 + с = 24, then find the value of 
(7) + (37 = 2(0° + b°) ab + bc+ ca. 
> 49 +9 = 2(a? + b?) 
ES 58 = 2(a? + b?) ....(simplifying) Solution 
EX 29 = а? + р? ....(dividing by 2) We have 
(b) To find the value of ab, we make use of the formula (a +b + с)2 =Q@ + Б? + с + 2ab+ 2bc + 2са 
(a+ by – (a - Б)? = 4ab x (6)? = 24 + 2(ab + bc + ca) 
(7)? - (3)? = 4ab = 36 = 24 + 2(ab + bc + ca) 
= 49 —9 = 4ab => 12 = 2(ab + bc + ca) 
= 40 = 4ab ...(simplifying) Hence ab + bc + са = 6 
=> 10 =ab ....(dividing by 4) 
Hence a2+b2=29 and ab=10. Example 3 
[а + b*c- 7 and ab + bc + ca = 9, then find the value of 
а? + Б? + cS 
(i) (a+tb+cP=a2+ b2 + с2 + 2ар + 2bc + 2ca 
This formula, square of a trinomial, involves three expressions, Solution 
namely; (a + b + c), (a? + b? + c?) and 2(ab + bc + ca). If the values We know that 
of two of them are known, the value of the third expression can be (a + b + cy = a^ + b? + сё + 2ab + 2bc + 2ca 


calculated. The method is explained in the following examples. => | (atb*cy-a'*b'*c + 2(ab + bc + ca) 
=> (7)? = а? + b? + с? + 2(9) 

Example 1 = 49 =a*+b?+c?+18 

If a? b?+ с? = АЗ and ab + bc + ca = 3, then find the value of => 31 =а? + 0? + с? 
а+ ВБ + с, Hence 0? + b^ + с? = 31 
Solution (iii) (a+b)? =a? + 3ab(a + b) + b? 

We know that (а - by = a? - 3ab(a — b) - b? 
(a+b+c? = аг + 02 + с + 2ар + 2bc + 2ca Example 1 

= (a + b + с? = а? + Б? + с + 2(ab + bc + ca) If 2x – Зу = 10 and xy = 2, then find the value of 8х? – 27у? 


Q2) © 


We are given that 2x- Зу = 10 We have 


=> (2х - Зу)? = (10)? 
=> 8х3 -27y -3 х 2x х 3y(2x – Зу) = 1000 E | 1 Ї РА 
До -0 
ES 8x? – 27y? -18xy(2x – Зу) = 1000 xj 
> 8x? — 27y? — 18 x 2 x 10 = 1000 a n 
= 8x3 — 27y? — 360 = 1000 > —x-3-8lx-1] =64 
Hence 8x? – 27y? = 1360 
=> x —735—3(4) = 64 
с 7 
1 1 — К -—-——17 = 64 
If x+—=8, then find the value of х? + — x 
X X 
= c — : =64+ 12 
X 
1 Р ua 
We have been given x+—=8 = x-3 19 
X 
5 [x41] = 8) (iv) a+b? = (а + b) (a? x abb) 
" : The procedure for finding the products of СЭ and x (Lu 
m #+-+3ххх{|х+- ] =512 is also explained in following examples. | x 
ї (а 
Es Ce E3x(x*x) =512 
| Factorize 64х% + 343y? 
— (+-;+3х8 = 512 
Е РЕ ТИР 
d did E We have 
4 64x? + 343у? = (4х)? + (7yP 
i е = (4x + 7y) Ках) — (4х) (7у) + (7у)2] 


= (4х + 7y) (16x? – 28xy + 49у?) 


Factorize 125x – 1331y? 
If x-4+=4, then find 
X 


Version: 1.1 (15) Version: 1.1 
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Example 5 
Find the continued product of (x + y) (x-y) (x? + xy + y?) (Х2-ху + y?) 


Solution 
We have 
125x – 1331y? = (5x)? - (11у)? | 
= (5x - 11y) [(5х)# + (Sx) (11у) + (11у)2] зошпоп 
= (5х — 11у) (25x? + 55xy + 121у°) (x + y) (x — у) (х2 + ху + y^) (х?— xy + y?) 
Example 3 = (x + y) 6€ ху + y) (x - y) (х? + ху + у?) (rearranging) 
= (x3 + уз) (x3— уз) = (3p - (yy == х6 уб 


Find the product ex eee : | 


X A9 Ax" EXERCISE 4.2 
Solution 
А 3 үд, 9 1. (i) #а+ р = 10 апаа -b = 6, then find the value of (a? + b?) 
БЕЗЕ +2.) (ii) Ifa +b = 5, a-b- 4/17 , then find the value of ab. 
3 2. If a? + b? + с? = 45 and a + b + c = -1, then find the value of 
(3) (89 SEU E: ab * bc * ca. 
=... di 3. f m+n+p=10 апа mn + пр + mp = 27, then find the value of 
-(2) (2) т? + п? + p*. 
3 2x 4. If x? + y? + 22 = 78 and xy + yz + zx= 59, then find the value of 
8 , 27 Ny EZ 


.Ifx*y*z-12and х? + у? + 22 = 64, then find the value of xy + yz + zx. 


5 

6. Ifx+y=7 and xy = 12, then find the value of x? + y?. 
Example 4 7. If 3x + 4y = 11 and xy = 12, then find the value of 27x? + 64y?. 
8 
9 


. Ifx-y=4and ху = 21, then find the value of x? — y?. 
Find the product СЕЗБЕ = +1) 


. If 5x - 6y = 13 and xy = 6, then find the value of 125x? — 216y?. 
4х 425 . 16x 


1 3; | 
10. If x+7=3, then find the value of х +3 


Solution 
l ' | 
( 4.5 | | 162 25 1 11. If х-т-7, then find the value of =a 
574х125 tiee" 
/ ) / | х : f : | \ 
NE mr [ 16x 2 — 12. |f | Зх + == |= 5, then find the value of | 27x + 72 | 
=\5*—24 JU 25 T* (rearranging) \ 3x J | 2x | 
- | 5^ — Ax | | | 5^ | т | £^ | | 4x | + | 4x | 13. |f | 5x = | = 6, then find the value of | 125x — 125 | 
(4 р 5 ~ 64 з 125 
-(87-(8)-687-аг е ( um 
МӘ Л МХИ 089 бщ 14. Factorize (i) x*-y?-x+y (ii) NOI 


Q7) 
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15. Find the products, using formulas. 
(i) (X2 + y?) (х – ху? + у?) (1) (х – у?) (х + ху + у) 
(1) (x= y) (X + y) (х + у?) (x? + ху + у?) (х? – ху + у?) (х - ху? + у?) 
(iv) (2x2 1) (2х2 + 1) (4x4 + 2x2 + 1) (4x4 - 2x2 + 1) 


4.3 Surds and their Application 
4.3.1 Definition 


An irrational radical with rational radicand is called a surd. 
Hence the radical is a surd if 
(i) ais rational, (ii) the result is irrational. 


e.g, 4/3,4/2/5,4/7,410 аге surds. 
But Vx and «2-47  arenotsurds because rand 2-4/17 


are not rational. 


Note that for the surd 5/а, n is called surd index or the order of the 


surd and the rational number ‘a’ is called the radicand. 37 is third 
order surd. 

Every surd is an irrational number but every irrational number is 
not a surd. e.g., the surd 35 is an irrational but the irrational number 
Vx is not a surd. 


4.3.2 Operations on surds 
(a) Addition and Subtraction of Surds 


Similar surds (i.e., surds having same irrational factors) can be 
added or subtracted into a single term is explained in the following 
examples. 


Example 
Simplify by combining similar terms. 


(i)  443-342742475. (ii) 3/128 —3/250 43/432 
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Solution 


(i) 443 - 3427 | 2\[75 


= 43 – 34/9 x 3 + 2/25 x 3 = 4\[3 – 3/9 V3 + 2\[25 x V3 
= 4/3 – 9/3 + 104/3 = (4—9 + 10) V3 = 54/3 

(i) 40128 – 4250 + 432 
= Мау x2 = V6) х 2 + V6? x2 


3—4 3 3—5 3r 317223 З 
-4(4УЧ/2-4(5) №2 + \{ (6)° N2 


221 


= 44[2 50/2 + 62 = (4-5 +6) V2 = 52 

(b) Multiplication and Division of Surds 

We can multiply and divide surds of the same order by making 
use of the following laws of surds 

Ma Mb = slab and Ча - NE 

Jb 
and the result obtained will be a surd of the same order. 
If surds to be multiplied or divided are not of the same order, they 
must be reduced to the surds of the same order. 


Example 
Simplify and express the answer in the simplest form. 


(i) N14 4/35 (ii) 


Solution 
() —VI4435- 14x35 = J7x2x7x8 = (7) x 2x5 
=/(7) x10 = 4/07)? x 410 274/10 


{12 


(ii) We have 


БАБ 
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Thus 4/3 = (3)? = (3y*s = 533 = 5/27 
and 3/2 = (2)? _ (2)?% = 502) = $4 


For /33/2 the L.C.M. of orders 2 and 3 is 6. 
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6 6 6 
Hence 020 v2 92 оо 
33/2 sozs[a sos \108 W9 


Its simplest form is 


(7-97-87-4 


EXERCISE 4.3 
1. Express each of the following surd in the simplest form. 
(i) 180 (i) 34162 
(i) 2412 (iv) 
2. Simplify 
(i) (ii) m 
(iii) (iv) <=¥125 


(v) 4/21 x f7 x NE 


3. Simplify by combining similar terms. 


(i) -445-3420-445 
(ii) үз оу +333) 


4. Simplify 
( |G-V5G-N5 


(i) G5 --N3)N5-N3) 


(ii) 


(iv) 


(ii) 


(iv) 


4412 + 5N27 – 3N75 + 300 


2065/5 — 34/5 ) 


(5 +33) 
f -217 / 2-4 Ч 
ї28:51284 


4. Algebraic Expressions and Algebraic Formulas 


(lx yox - Ay )(х + y) + у”) 


(v) 


4.4 Rationalization of Surds 


(a) Definitions 
(i) A surd which contains a single term is called a monomial surd. 
e.g., 42,43 etc. 

(ii) ^ A surd which contains sum of two monomial surds or sum of a 
monomial surd and a rational number is called a binomial surd. 
e.g, 43-47 or 42-5 or 411-8 etc. 

We can extend this to the definition of a trinomial surd. 

(iii) If the product of two surds is a rational number, then each surd 

is called the rationalizing factor of the other. 

(iv) The process of multiplying a given surd by its rationalizing 
factor to get a rational number as productis called rationalization 
of the given surd. 

(v) Two binomial surds of second order differing only in sign 
connecting their terms are called conjugate surds. Thus 


(Va - 4b) and (Va – Ab) are conjugate surds of each other. 


The conjugate of. x+y is x- Jy. 

The product of the conjugate surds Va +vb and Va — vb, 

(Va + Jb)(Va - Jb) - (Va) - (Vb)? =a - b, 

is a rational quantity independent of any radical. 

Similarly, the product of а + р/т and its conjugate а-5-/т has 
no radical. For example, 

(3 + J5)(3- 4/5) = (3) - (4/5): =9 —5 = 4, whichis a rational number. 
(b) Rationalizing a Denominator 

Keeping the above discussion in mind, we observe that, in 

order to rationalize a denominator of the form a+bVx (or a — bx), 
we multiply both numerator and denominator by the conjugate factor 
a—bVx (ora+bVx). By doing this we eliminate the 
radical and thus obtain a denominator free of any surd. 


@) 
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1 1 
а + bx Xx ey 

1 1 : ' А 
———— ,—————- and their combinations, 
а bx Vx y 


where x, y are natural numbers and a, b are integers, rationalization 
is explained with the help of following examples. 


(c) Rationalizing Real Numbers of the Types 


For the expressions 


58 


T2095 


Rationalize the denominator 


To rationalize the denominator, we multiply both the numerator 
and denominator by the conjugate (7 + 24/5) of (7 24/5), i.e., 


58 58 74245 _ 57+ 5) 
7-245 7-245 7-245 (P 045) 
DE (radical is eliminated in the denominator) 


_ 58(7 +245) 
|| 29 


= 2(7 + 245) 


Rationalize the denominator 


2 
45-42 
Multiply both the numerator and denominator by the conjugate 


45-42 of 45 + 42, to get 


2 2 xN5-42 245-42 
45:42 45412 45-42. 5-0 


42(45-42) 2(45-42) 


3 3 
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ЭР?" 6 46 4.3 
Simplify 222110 


First we shall rationalize the denominators and then simplify. 


We have 


243 — 6 A3 кү2 . N6-42 
6 ,2N3 + V6, -N6 Tu Сан 2 43 «N6*N2 
е 243446 43-42) “43-12 N6-N2 46-42 

6( 2\3 3 +6) , Ne 3 -у2)_ 4/3( NG +2) 

К 24/3)? = (/6) (N 3)? — ( 4/2) (4/6)? (4/2)? 


© 23 + 6 ) x NT NE -— N2) NET A6 + 4/2) 
Е 12-6 3-2 6-2 
IN 3 + 6N 6 ‚Уб NE = 4/6 N2 4/3 N [6 + 4\3 3 A2 
СЕСЕ Е 


— ә, (4 


2N3 e 6 + 32 - 2/3 - 3/2 - 4] 620 


Find rational numbers x and y such that 4* 35 =х+у\/5 


4-345 
We have 
4+3ү5 _4+ 345 „44 зу5 _ (4+ зү5)? 
4-3ү5 4- ws 4-345 (4 – (34/5) 
16 + n +45 61 + 2445 
16 — 45 Ч —29 
—61 24 p= Г " 
> 739 729 7X t*ywN? (given) 
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n comparing the two si Ww | Я 
МЕН зше аа 2. Findthe conjugate of х + у. 


= 61 = 24 : rc vs pei : = 
TAT: (i) 3-7 (i) 4-5 (i) 2-43 (iv 2+5 
(v) 5+37 (v) 4-4hs (vi) 7-46 (міі) әҹр 
If x 34 4/8, then evaluate ” 1 
3. (i) Их-2-343, find — (ii) Ifx=4- 117 | find 
. е 1 | 
(i) x+} апа (ii) x 4L | | 
й 4 (i)  Ifx=-/3 +2, findx+— 
X 
4. Simplify 
Since х= 3 «4/8, therefore, | 1+32 1-40 (i 1 2 1 
| +- Ї г "iu = 
-. р г- () М5 +33 5-13 2-3 5-33 2+5 
1 | ] JS] x372N8. 3-48 
х 34/8 34 48 3-48 (3)- (8y = Ё... 1] 3 
iii : a = = 
3-48 oon 0D Ns узр 54р 
= TEN = 3-8 i : i я 
| " _ Б, (i) If x-22-«3, findthe value of x- zand | x “т | 
(i) х+т=3+ү8+3—+\/8=6 | шин 
\2 \/5 -АБб 1 5 1 ; 1 
Р г ij „_ 3ЧЭ N24 і x+- x -t-andx + 
(ii) | х+ | 236 (1) If x= 220 find the value of x *x.x * jar E 
T РТ РЕ ЗТ: [Hint: a? + b? = (a + Б)2– 2ab and а? + b? = (а + by- 3ab(a + bj] 
silo 8-1 АВ-1 
21 6. Determine the rational numbers a and b тал - ин =a+bvV3 
or +5 = 34 W3+1 3-1 
X 


| | | | 1. Multiple Choice Questions. Choose the correct answer. 
1. Rationalize the denominator of the following. 


a c. К 14 E 6 1 
0 45 | gg 00 БЛ; M з-20 


15 | 2 x aed an м5 +33 
М 41-4 М) 5-48 WD pu М) BO 2.  Fillin the blanks. 
(i) Тһе degree of the polynomial х?у? + 3xy + y? is .......... 
(i) x^—42......... 


Version: 1.1 (25) Version: 1.1 


Version: 1.1 


- 1 
(АВЕ ЕЕ IE ase ) 
(iv) 2(d^- b?) = (a + р)? + (.......... )? 
М) (5-2/---- 
(vi) Order of surd үх ТИИ 
(мії) у= 
Bf x«l-3 find () 2+5 (0) x 
x 4 i 


4.l 


f x-z-2 find () 2+5 (i) «4 


X 


5.Find the value of X? + у? and xy if x - y» 5 and x -y = 3. 
6.If p=2 +3 find 


; 1 т 1 

(i) р> (1) Р-р 

оо 42 21 

(il) P y (iv) p 
f q-*N5-2, find 

l 5 1 

() 4+2 (ii) 4-7 


An algebraic expression is that in which constants or variables or 
both are combined by basic operations. 

Polynomial means an expression with many terms. 

Degree of polynomial means highest power of variable. 


Expression in the form rat (g(x) # 0) is called rational expression. 
An irrational radical with rational radicand is called a surd. 

In Ak n is called surd index or surd order and rational number x 
is called radicand. 

A surd which contains a single term is called monomial surd. 

A surd which contains sum or difference of two surds is called 
binomial surd. 


Conjugate surd of is мМ + y defined as Үх-Чу. 
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Take free online courses 
from the world's best 
universities 


Introduction to Algebra 
Solve equations, draw graphs, and play with 
quadratics in this interactive course! 


About this Course: 

We live in a world of numbers. You see them every day: 
on clocks, in the stock market, in sports, and all over the 
news. Algebra is all about figuring out the numbers you 
don't see. You might know how fast you can throw a ball, 
but can you use this number to determine how far you can 
throw it? You might keep track of stock prices, but how can 
you figure out how much money you've made (or lost) in 


the market? 


version: 1.1 
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Animation 5.1: Factorization 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 
x Recall factorization of expressions of the following types. 


, Ка + kb + kc 

, ac * ad + bc + bd 
, a^ + 20b + D? 

° а? – b? 

, a’ + 2ар + b? - с? 


ж Factorize the expressions of the following types. 
Type I: 
a^ + a’b?+b* or а + 4p* 
Type II: 
хрх 
Туре III: 
ах? + bx + с 
Type IV: 
(ax? + bx + c) (ax? + bx + а) + к 
{ (x + а) (x + 6) (x + с) (х+а) + к 
(x + а) (x + р) (х + с)(х + а) + kx? 
Type V: 
a? + За?р + Зар? + b? 
а? – 3020 + Зар? – b? 
Туре МІ: 
а? + р? 


ж State and prove remainder theorem and explain through examples. 
x Find Remainder (without dividing) when a polynomial is divided by 
a linear polynomial. 
Define zeros of a polynomial. 
State and prove Factor theorem. 
Use Factor theorem to factorize a cubic polynomial. 


(2) 


5. Factorization 


Introduction 


Factorization plays an important role in mathematics as it helps 
to reduce the study of a complicated expression to the study of 
simpler expressions. In this unit, we will deal with different types of 
factorization of polynomials. 


5.1 Factorization 


If a polynomial p(x) can be expressed as p(x) = g(x)h(x), then 
each of the polynomials g(x) and h(x) is called a factor of p(x). For 
instance, in the distributive property 

ab + ac - a(b + c), 
a and (b + c) are factors of (ab + ac). 
When a polynomial has been written as a product consisting 
only of prime factors, then it is said to be factored completely. 


(a) Factorization of the Expression of the type ka * kb * kc 


Example 1 
Factorize 5a — 5b + 5c 


Solution 
5a – 5b *5c-b5(a-b-*c) 


Example 2 
Factorize 5a — 5b — 15c 


Solution 
5g —5b — 15c = 5(a – b – Зс) 


(b) Factorization of the Expression of the type ac + ad + bc + bd 
We can write ac + ad + bc + bd as 


(ac + ad) + (bc + db) 
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=a(c + d) + b(c + d) 
= (a + by(c + d) 
For explanation consider the following examples. 


Example 1 
Factorize Зх — За + xy – ay 


Solution 
Regrouping the terms of given polynomial 
Зх + xy - За - ay = x(3 + y) - a(3 + y) (monomial factors) 
-(3*y)(x-a) (3 + y) is common factor 
Example 2 


Factorize pqr + qr -pr – г? 


Solution 
The given expression = r(pq + qr — pr — r°) (ris monomial common 
factor) 
= (рд + qr) - pr - r^] 
= r[q(p +) – р +r] 
= r(p + г) (9 – r) 


(grouping of terms) 
(monomial factors) 
(p * r) is common factor 


(c) Factorization of the Expression of the type a? + 2ab + b? 
We know that 
(i) а2+2ар +? = (а+ р)? = (а+Б)(а + р) 
(ii) а2-2ар+р2 = (а-– Б)? = (а-– Б)(а-– b) 
Now consider the following examples. 


Example 1 
Factorize — 25x? + 16 + 40x. 


Solution 
25x? + 40x + 16 = (5х)? + 2(5x) (4) + (4)? 
=(5x + 4)? 
= (5x + 4) (5х + 4) 


2 


Example 2 
Factorize 12x? — 36x + 27 


Solution 
12x? — 36x + 27 = 3(Ax? - 12x + 9) 
= 3(2x – 3)? 
= 3(2x – 3) 2x - 3) 


(d) Factorization of the Expression of the type a? - b? 
For explanation consider the following examples. 


Example 1 
Factorize (i) 4х2 – (2у — z} (ii) 6x* — 96 


Solution 
(i) 4x? — (2y – zy = (2x)? - (2y - zy 
= [2x - (2y - 2] [2x + (2y – 7)] 
= (2x — 2y + 2) (2x + 2y - Z) 
(ii) 6x* —96 = 6(x* -16) 
= Ө[(х2)? - (4y] 
= 6(x? — 4) (x? + 4) 
= e[(xy - y] (x? + 4) 
= 6(x - 2) (x + 2) (x? + 4) 


(e) Factorization of the Expression of the type a? + 2ab + b? - c 
We know that 
о? + 2ab + b? – с? = (а + by – (с)? = (а + Б—с)(а + Б + с) 


Example 1 
Factorize (i) x-6x-9-4y^ (ii) 1 + 2ар – a? – Б? 


Solution 


(i) х2+6х+9– 4уг= (х + 3» - gy 
=(х+3 + 2у)(х+3 - 2y) 


(5) 
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(ii)1 + 2ab — a? - b? = 1 - (a? - 2ab + b?) = (9x? + бху + 4y?) (9x? — бху + Ay?) 
= (1)? - (a - by 
= [1 – (а – b)] [1 + (a - b)] Example 2 
-(1-a-cby1*a- b) Factorize 9x* + 36y^ 
EXERCISE 5.1 Solution 
9x^ + 36y^ = 9х* + 36y! + 36x^y? – 36x^y? 
Factorize = (3x2)? + 2(3x?) (бу?) + (6y2)? – (бху)? 
1. (i 2abc — 4abx + 2abd (il) ^ 9xy -12x?y + 18у? = (3x? + 6y?y — (бху) 
(11) —3x2y — Зх + 9xy? (iv) 5ab?c — 10a?b?c – 20032062 = (3x? + бу? + 6xy)(3x? + бу? – бху) 
(у) 3xy(x - Зу) - 7x*y*(x- Зу) (мі) 2ху(х? + 5) + 8xy?(x? + 5) = (3x? + бху + бу?) (3х? бху + бу?) 
2. (i) 5ax-3ay- 5bx + 3by (i) Зху+ 2у – 12x- 8 
(ili) x? + Зху? — 2x^y – буз (ivy) (x?-y?)z + (у? – zx (b) Factorization of the Expression of the type x? * px * q 
. a p? For explanation consider the following examples. 
3. (i) 144a* + 24а + 1 (ii) E 
(i) (x +y)2—-14z(x +y)+49z2 (iv)  12x?- 36x + 27 Example 1 
4. (i) Зх? — 75у? (ii) x(x - 1) - yty - 1) Factorize (i) x^ – 7x + 12 (ii) x? + 5x - 36 
(1)  128am* – 242ап? (iv) 3x -—243x? 
Solution 
5. () x-y -6y-9 (i) х2 а +2а- 1 U) етт 
(i) 4х2 уг – 2у – 1 (i) х2-у2-4х-2у-3 From the factors of 12 the suitable pair of numbers is -3 and -4 
(у) 25€-10x«1-362 (v) х2-у2-4х24422 since 
(-3) + (– 4) = -7 апа (-3)(-4)-» 12 
(а) Factorization of the Expression of types a^ + a2b? + b* or а*+ 4b4 Hence x^- 7х + 12 = x* Зх - Ax + 12 
Factorization of such types of expression is explained in the -Xx-3)-4(x- 3) 
following examples. -(x-3)(x-4) 
(ii) | x^-5x-36 
Example 1 From the possible factors of 36, the suitable pair is 9 and -4 
Factorize 81х*+ 36x/y? + 16y шаг 
9+(-4)=5 and 9х(-4)--36 
есен Hence x? + 5х – 36 = х? + 9х – 4х - 36 
81х* + Збх?у? + 16у? = x(x + 9) 4(х + 9) 
= (9x2)? + 72x2y? + (Ay? — 36x22 = (x + 9) (x - 4) 


= (9x? + Ay??? — (6xy}? 


= (9x? + Ay? + О) + 4y? — бху) 
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(c) Factorization of the Expression of the type ох? + bx+c,a#0 


5. Factorization 


Their sum = -35 – 6 = -41 
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Let us explain the procedure of factorization by the following 
examples. 


Example 1 
Factorize (i) 9x?+21x-8 (ii)2x?-8x-42 (iii) 10x^— 41ху + 21у? 


Solution 
(i) 9x^-21x-8 
In this case, on comparing with ax? + bx + c, ac = (9)(- 8) = -72 
From the possible factors of 72, the suitable pair of numbers 
(with proper sign) is 24 and -3 whose 
sum = 24 + (—3) = 21, (the coefficient of x) 
and their product = (24) (-3) = -72 = ac 
Hence 9x? + 21x - 8 
= 9х? + 24х – Зх – 8 
= 3x(3x + 8) – (3x + 8) 
= (3х + 8)(3х - 1) 


(ii) 2x?^— 8x 42 = 2(x? - Ax - 21) 
Comparing x? – 4x — 21 with ax? + bx +c 
we have ac = (+1) (- 21) = – 21 
From the possible factors of 21, the suitable pair of numbers is —7 
and +3 whose sum = -7 + 3 = – 4 and product = (-7) (3) = -21 
Hence x?- 4x — 21 
-x^t3x-7x- 21 
= x(x + 3) – 7(x + 3) 
= (x+ 3)x=7) 
Hence 2x? - 8x - 42 = 2(x? - Ax - 21) = 2(х + 3)(х - 7) 


(1) 10x?— 41ху + 21у? 
This type of question on factorization can also be done by the 
above procedures of splitting the middle term. 
Неге ас = (10) (21) = 210 
Two suitable factors of 210 are -35 and -6 


and product = (-35) (-6) = 210 
Hence 10x? – 41ху + 21у? 
= 10x?- 35xy – бху + 21у? 
= 5x(2x — 7y) – 3y(2x – 7y) 
= (2x — 7у) (5x - Зу) 


(d) Factorization of the following types of Expressions 
(ax? + bx + с) (a? + bx + d) + k 
(x + а)(х + b)(x+c)(x+d) +k 
(x + а) (x + b) (x + с) (x + а) + kx? 
We shall explain the method of factorizing these types of 
expressions with the help of following examples. 


Example 1 
Factorize (х2 - 4x — 5) (х — 4x - 12) - 144 


Solution 
(x? — 4x — 5)(x? - 4x — 12) - 144 
Let y = x? - Ax. Then 
(y-5)(y- 12) -144 =y- 17у – 84 
=y?— 21у + 4y – 84 
= ly - 21) + Ay - 21) 
= (у- 21) (у + 4) 
=(х2- 4х- 21) (x?-4x+4) (since y= x? - Ax) 
= (х2 7x + 3х- 21) (x - 2) 
= [x(x 7) + 3x - 7)] (x - 2» 
= (x- 7)(х + 3)\(x — 2) (x — 2) 


Example 2 
Factorize (x + 1) (x + 2) (x +3) (x + 4)- 120 


Solution 
We observe that 1+4=2 +3. 
It suggests that we rewrite the given expression as 
[x + 1) (x + 4)] [(x + 2) (х + 3)] - 120 


© 
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(x? + 5х 4) (х°+ 5x + 6) — 120 
Let x? + 5x = y, then 
we get (у + 4) (у + 6) - 120 
= y^* 10y + 24 – 120 
= у? + 10y – 96 
= у? + 16у – бу - 96 
= у(у + 16) - 6(у + 16) 
= (y + 16)(у - 6) 
= (х? + 5x + 16) (x? + 5x — 6) since у = x?^* 5x 
= (x? + 5x + 16) (x + 6) (х— 1) 


Example 3 
Factorize (x? — 5x + 6) (x^* 5x + 6) — 2x? 


Solution 

(x?—- 5x + 6) (x2 + 5x + 6) – 2x? 
= [x*- 3x —2x + 6][X? + 3x + 2x + 6] - 2x? 
= [x(x - 3) - 2(x - 3)] [x(x + 3) + 2(x + 3] - 2x? 
= [(x — 3) (x - 2)][(х + 3) (x + 2)] - 2x? 
= [x — 2) (x + 2)][(x 3) (x + 3] - 2x? 
= (x? — 4) (x2 - 9) - 2x? 
= x4 – 13x? + 36 - 2x? 
= х%— 154° + 36 
= x4 - 12x? – Зх? + 36 
= x°(x?- 12) – 3(x?- 12) 
= (x?- 12) (x2 - 3) 


=[(x)’ - (23) 100)? - (V3)"] 
= (x —2V/3)(x + 243)(x – V3)(x + V3) 


(e) Factorization of Expressions of the following Types 
а? + За?Ь + Зар? + b? 
а? - За?р + Зар? - b? 
For explanation consider the following examples. 


Example 1 
Factorize x? — 8y? – 6x*y + 12xy? 


Solution 
x? – By? – 6x?y + 12ху?. 
= (x)? (2у)? — 3(x? (2y) + 309 (2у? 
= (х)? – З(х)? (2y) + З(х) (2у)? - (2yP 
= (x — 2y)? 
= (x — 2y) (x 2у) (x - 2y) 


(f) Factorization of Expressions of the following types a? + b? 
We recall the formulas, 
a? + b? = (a + b) (œ - ab + b?) 
a? - b? = (a - b) (a2 + ab + b?) 
For explanation consider the following examples. 


Example 1 
Factorize 27x? + 64y? 


Solution 
27x + 64у? = (3x) + (4у)? 
= (3х + Ay) [(3х)? - (3x) (Ay) + (4у)2 
= (3x + 4y) (9x? – 12ху + 16у?) 


Example 2 
Factorize 1 – 125x? 


Solution 
1-125686 z(1p-(5xy 
= (1 — 5x) [(1)? + (1) (5х) + (5x?] 
= (1 5х) (1 + 5x + 25x?) 
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EXERCISE 5.2 


Factorize 


түр. (i) ot + 300b? 4b! 


(iv) 4x4 + 81 (vV)  x#+x?+25 (vi) x'*4x * 16 
2. (i) x^* 14x + 48 (i) x?-21x+ 108 
(1) x^— 11x — 42 (iv) x^*x- 132 
3. (i) 4x^*12x*5 (i) 30x?*7x-15 
(1) 24x?— 65x + 21 (iv) 5x? – 16x - 21 
(v) 4х? – 17ху + 4у? (vi) 3x? – 38xy – 13у? 
(vii) 5x? + 33xy - 14у? (viii) 8-1 }+4[sx-2]+4, x20 


4. () (x^* 5x*4)(xX?* 5x +6) – 3З 
(ii) (x?— 4x) (x2 - 4x 1) - 20 
(iii) (x + 2) (x + 3) (x + 4) (x * 5) –15 
(iv) (x + 4) (x — 5) (x + 6) (x - 7) - 504 
(v) (x*1)(x*2)(x*3)(x*6)-3x* 
5. (i) x^-48x- 12x?- 64 (ii) 8x? + 60x*+ 150x + 125 
(iil) x? -18х2 + 108x — 216 (iv) 8x3? — 125y? – 60x?y + 150xy? 
6. (i) 27-48» (ii) 125x – 216y? 
(iii) 64x? + 27y3 (iv) 8x3 + 125y3 


5.2 Remainder Theorem and Factor Theorem 
5.2.1 Remainder Theorem 


If a polynomial p(x) is divided by a linear divisor (x — a), then 
the remainder is p(a). 


Proof 

Let q(x) be the quotient obtained after dividing p(x) by (x — a). But 
the divisor (x — a) is linear. So the remainder must be of degree zero 
i.e., a non-zero constant, say R. Consequently, by division Algorithm 


we may write 
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P(x) = (x - a) q(x) + R 
This is an identity in x and so is true for all real numbers x. In 
particular, it is true for x = a. Therefore, 
р(а)= (a - a) g(a) +R=O+R=R 
ie, р(а)= the remainder. Hence the theorem. 


Note: Similarly, if the divisor is (ax — b), we have 
р(х) = (ax Б) g(x) + К 


ет а | 
Substituting аах that ax—b=0, we obtain 


Ц 2) 0-42  в-0-н-8 
а а 


Thus if the divisor is linear, the above theorem provides an 
efficient way of finding the remainder without being involved in the 
process of long division. 


5.2.2 Tofind Remainder(without dividing) when a polynomial 
is divided by a Linear Polynomial 


Example 1 
Find the remainder when 9x? - 6x + 2 is divided by 
()х-3 (i)x-*3  (i)3x-*1 (№) х 


Solution 
Let p(x) = 9x? - 6x + 2 
(i) When p(x) is divided by x-3, by Remainder Theorem, the remainder 
is 
R = p(3) = 9(3)* – 6(3) +2 = 65 
(ii) When p(x) is divided by x + 3 = x - (-3), the remainder is 
R = p(—3) = 9(-3)? - 6 (-3) +2 = 101 
(iii) When p(x) is divided by 3x + 1, the remainder is 


=ч 
V 3 3 


(v) When p(x) is divided by x, the remainder is 


R = p(0) = 9(0y — 6(0) + (8) 


eLearn.Punjab 


5. Factorization 


Example 2 
Find the value of k if the expression x? + kx? + 3x - 4 leaves a 
remainder of -2 when divided by x + 2. 


Solution 
Let p(x) = x? + kx? + Зх - 4 
By the Remainder Theorem, when p(x) is divided by x + 2 = x - (-2), 
the remainder is 
p(—2) = (—2)? + k(- 2)? + 3(- 2) - 4. 
=—8+4k-6-4 
=4k-18 
By the given condition, we have 
p(-2)=-2 > 4k-18=-2 > k=4 


5.2.3 Zero of a Polynomial 


Definition 
If a specific number x = a is substituted for the variable x in a 
polynomial p(x) so that the value p(a) is zero, then x = a is called а zero 
of the polynomial p(x). 
A very useful consequence of the remainder theorem is what is 
known as the factor theorem. 


5.2.4 Factor Theorem 


The polynomial (x — a) is a factor of the polynomial p(x) if and 
only if p(a) = O. 


Proof 
Let q(x) be the quotient and R the remainder when a polynomial 
p(x) is divided by (x — a). Then by division Algorithm, 
р(х) = (x — a) q(x) + К 
By the Remainder Theorem, R = p(a). 
Hence p(x) = (x — a) q(x) + p(a) 
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(i) Now if p(a) = 0, then p(x) = (x — a) g(x) 

i.e., (x — a) is a factor of p(x) 
(ii) Conversely, if (x — a) is a factor of p(x), then the remainder upon 

dividing p(x) by (x — a) must be zero i.e., p(a) = 0 

This completes the proof. 
Note: The Factor Theorem can also be stated as, "(x — a) is a factor of 
p(x) if and only if x = ais a solution of the equation р(х) = 0”. 

The Factor Theorem helps us to find factors of polynomials 

because it determines whether a given linear polynomial (x - a) is a 
factor of p(x). All we need is to check whether p(a) = 0. 


Example 1 
Determine if (x — 2) is a factor of x? - Ax? + Зх + 2. 


Solution 
For convenience, let 
р(х) =x - 4x? + Зх +2 
Then the remainder for (x - 2) is 
p(2) -Qp-4Qy-*30)*2 
=8-16+6+2=0 
Hence by Factor Theorem, (x — 2) is a factor of the polynomial p(x). 


Example 2 
Find a polynomial p(x) of degree З that has 2, –1, and з as zeros 
(i.e., roots). 


Solution 

Since x = 2, –1, 3 are roots of p(x) = 0 

So by Factor Theorem (x — 2), (x + 1) and (x - 3) are the factors of 
p(x). 

Thus p(x) = a(x - 2) (x + 1) (x - 3) 
where any non-zero value can be assigned to a. 

Taking a = 1, we get 

p(x) =(x-2)(x+1)(x-3) 


=x -4x +x+6 as the required polynomial. 
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. Use the remainder theorem to find the remainder when 
(i) 3x? — 10x? + 13x- 6 is divided by (x — 2) 
(ii) 4x7? — Ax + 3 is divided by (2x – 1) 
(iii) 6x* + 2x? — x +2 is divided by (x * 2) 
(iv) (2x — 1)? + 6(3 + 4x} -10 is divided by (2x * 1) 
(v) x? - 3x? + Ax - 14 is divided by (x * 2) 


— 


2. (i) If (x + 2) is a factor of 3x? – Akx – АК?, then find the value(s) 
of k. 
(ii) If (x — 1) is a factor of x? - kx? + 11x — 6, then find the value 
of k. 


3. Without actual long division determine whether 
(i) (x — 2) and (x – 3) are factors of p(x) = x? – 12x? + 44x — 48. 
(il) (x — 2), (x + 3) and (x - 4) are factors of q(x) =x? + 2x? - 5x - 6. 
4. For what value of m is the polynomial р(х) = 4x? – 7x? + 6x - 3m 
exactly divisible by x + 2? 
5. Determine the value of k if p(x) = kx? + 4x? + Зх - 4 and 
q(x) = х? – Ах + k leaves the same remainder when divided by (x – 3). 
6. The remainder after dividing the polynomial p(x) = x?+ax?+7 by (x + 1) 
is 2b. Calculate the value of a and b if this expression leaves a 
remainder of (b + 5) on being divided by (x — 2). 
7. The polynomial x? + Ix? + mx + 24 has a factor (х + 4) and it leaves a 
remainder of 36 when divided by (x - 2). Find the values of | and m. 
8. The expression lx? * mx? - 4 leaves remainder of -3 and 12 when 
divided by (x — 1) and (x + 2) respectively. Calculate the values of | 
and m. 
9. The expression ах? - 9x? + bx + За is exactly divisible by x*- 5x + 6. 
Find the values of a and b. 


5.3 Factorization of a Cubic Polynomial 


We can use Factor Theorem to factorize a cubic polynomial 
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as explained below. This is a convenient method particularly for 
factorization of a cubic polynomial. We state (without proof) a very 
useful Theorem. 


Rational Root Theorem 

Let ay?" tax" +.. +a x*a,-0, а, +0 
be a polynomial equation of degree n with integral coefficients. If p/q 
is a rational root (expressed in lowest terms) of the equation, then 
p is a factor of the constant term a, and q is a factor of the leading 
coefficient а. 


Example 1 
Factorize the polynomial x? — 4x? + x + 6, by using Factor Theorem. 


Solution 

We have P(x) = x>- Ах? + x + 6. 

Possible factors of the constant term p = 6 are +1, +2, +3 and +6 
and of leading coefficient q = 1 are +1. Thus the expected zeros (or 
roots) of P(x) = 0 are 5 = +1, +2, +3 and +6. If x= a is a zero of P(x), 
then (x - a) will be a factor. 

We use the hit and trial method to find zeros of P(x). Let us try x= 1. 
Now P(1) = (1)2– 4(1)2 + 1+6 
=1-4+1+6= 420 
Hence х = 1 is not a zero of P(x). 
Again Р(-4)-1-1)-4-1Уу-146 
--1-4-146-0 
Hence x = -1 is a zero of P(x) and therefore, 
x—(-1) = (х+ 1) іѕ a factor of P(x). 
Now P(2) = (2)?-4(2)?+2+6 
=8-16+2+6=0>x=2iSa root. 
Hence (x — 2) is also a factor of P(x). 
Similarly P(3) = (3)? – 4(3)2 +3 +6 
=27-36+3+6=0 => x=3isazero of P(x). 
Hence (x — 3) is the third factor of P(x). 
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Thus the factorized form of 
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P(x) =x? -4x2+x+6 
is P(x) = (x + 1) (x 2) (x 3) 


EXERCISE 5.4 
Factorize each of the following cubic polynomials by factor theorem. 
1. 2S 2 -x+2 2. xi-x!-22x*440 3. x?-6x?+3x+10 
4. ж+ж -10х+8 5. x3-2x*-5x+6 6 x2+5x*-2x-24 


7. 3x2- x- 12х+4 8. 20 +2 2х - 1 


REVIEW EXERCISE 5 


1. Multiple Choice Questions. Choose the correct answer. 


2. Completion Items. Fill in the blanks. 


(i) x?-5x*62.. 

(ii) Да? -16 = ......... 

(1) 402 + Дар + (......... ) is а complete square 
2 2 

(iv) = гэр 


(v) (x + у)(х? — xy + y?) = ......... 
(vi) Factored form of x^ – 16 is ......... 
(vii) If x —2 is factor of p(x) = x^ * 2kx + 8, then k = ......... 


3. Factorize the following. 


(i) х? + 8x + 16 - 4у? (1) 4x^— 16у? 
(iii) 9х2 + 27х + 8 (iv) 1-642? 

1 : 
(У) 8х”- zy (мі) 2у2 + 5у– З 


(vi) | xX-x^—-4x-4 jl 250302 + 10mn + 1 


(ix) 1 - 12pq + 36p?q? 


SUMMARY 


x Ifa polynomial is expressed as a product of other polynomials, 


then each polynomial in the product is called a factor of the 
original polynomial. 
The process of expressing an algebraic expression in terms of its 
factors is called factorization. We learned to factorize expressions 
of the following types: 

e ka * kb * kc 

° ac + ad + bc + bd 

° а? + 2ab + b? 

° а? – b? 

e (а? + 2ab + b?) – с? 

° a^ + a?b? + b^ or a^* 4b* 

. x*tpx*tqe ах? + bx+c 

° (ax? + bx + c) (a? + bx + d) + k 

e (x + a)(x+ b)(x+c0(x+d)+k 

e (x + ayx + byx + oy(x + d) + kx? 

° a? + За?р + Зар? + b? 

° a? – 3a?b + 3ab2 – b? 

° аео 


If a polynomial р(х) is divided by a linear divisor (x — а), then the 
remainder is р(а). 

If a specific number x = a is substituted for the variable x in a 
polynomial p(x) so that the value p(a) is zero, then x = a is called 
a zero of the polynomial p(x). 

The polynomial (x — a) is a factors of the polynomial p(x) if and 
only if p(a) = 0. Factor theorem has been used to factorize cubic 
polynomials. 
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Students Learning Outcomes more expressions, then p(x) is called the Common Multiple of the 
given expressions. The Least Common Multiple (L.C.M.) is the product 
After studying this unit, the students will be able to: of common factors together with non-common factors of the given 
* Find Highest Common Factor and Least Common Multiple of expressions. 
algebraic expressions. 
* Use factor or division method to determine Highest Common 6.1.2 (a) Finding H.C.F. 
Factor and Least Common Multiple. 
* Know the relationship between Н.С.Е. and L.C.M. We can find H. C. F. of given expressions by the following two 
* Solvereal life problems related to H.C.F. and L.C.M. methods. 
* UseHighest Common Factor and Least Common Multiple to reduce (i) By Factorization (ii) By Division 
fractional expressions involving +,-, x , +. Sometimes it is difficult to find factors of given expressions. In 
* Find square root of algebraic expressions by factorization and that case, method of division can be used to find H. C. F. We consider 
division. some examples to explain these two methods. 
Introduction (i) Н.С.Е. by Factorization 
In this unit we will first deal with finding H.C.F. and L.C.M. of Example 
algebraic expressions by factorization and long division. Then by Find the H. C. F. of the following polynomials. 
using H.C.F. and L.C.M. we will simplify fractional expressions. Toward xX? -4, x? + 4х c 4, 2x? + x- 6 
the end of the unit finding square root of algebraic expression by 
factorization and division will be discussed. Solution 
By factorization, 
6.1 Highest Common Factor (Н.С.Е) and х? -4= (x + 2) (x-2) 
Least Common Multiple (L.C.M.) of Algebraic xX? + Ax + 4 = (x + 2) 
Expressions 2x? + х- 6 = 2x? + 4x - 3x - 6 = 2x(x + 2) - 3(x + 2) 
-(x*2)2x-3) 
6.1.1 (a) Highest Common Factor (H.C.F.) Hence Me FR еже 
If two or more algebraic expressions are given, then their (ii) Н.С.Е. by Division 
common factor of highest poweris called the H.C.F. ofthe expressions. 
Example 
(b) Least Common Multiple (L.C.M.) Use division method to find the H. C. F. of the polynomials 


р(х) = x? - 7х? + 14x - 8 and q(x) = x; - 7x * 6 


If an algebraic expression p(x) is exactly divisible by two or 


(2) (3) 
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Solution 
y __ 
xX- 7x*6| x3i—7x**14x – 8 
+ x3 —- 7x + 6 
ЕЕЕ 
— 7x? + 21x — 14 


Неге the remainder сап be factorized as 
-7x? + 21x- 14 = -7(x* - Зх + 2) 
We ignore -7 because it is not common to both the given 
polynomials and consider x? - 3x * 2. 


x+3 
х? – Зх+ 2 х?+0х°— 7x + 6 
+ x3 — 3x? + 2x 


2 + 2 
Зх? – 9x +6 
3x? — 9x +6 

2 + _ 
0 


Hence Н. C. F. of p(x) and g(x) is х2-3х42 


Observe that 

(i) In finding H. C. F. by division, if required, any expression can be 
multiplied by a suitable integer to avoid fraction. 

(1) ^ In case we are given three polynomials, then as a first step we 
find H.C.F. of any two of them and then find the H.C.F. of this 
H.C.F. and the third polynomial. 


(b) L.C.M. by Factorization 

Working Rule to find L.C.M. of given Algebraic Expressions 

(i) | Factorize the given expressions completely i.e., to simplest form. 

(1) Then the L.C.M. is obtained by taking the product of each factor 
appearing in any of the given expressions, raised to the highest 
power with which that factor appears. 


Example 
Find the L.C.M. of p(x) = 12(x? - y?) and q(x) = 8(x? - xy?) 


Solution 
By prime factorization of the given expressions, we have 
р(х) = 12(х°-у%)=2° x 3 x (x-y) (x^ xy + y^) 
and  q(x) = 8(x? - ху?) = 8x(x? - y?) = 23х(х + y) (x - y) 
Hence L.C.M. of p(x) and q(x), 
23 x 3 x x(x + y) (x - y) (х + xy + y?) = 24x (x + y) (х - у) 


6.1.3 Relation between H.C.F. and L.C.M. 


Example 

By factorization, find (i) Н.С.Е. (ii) L.C.M. of p(x) = 1206 - x^) and 
Q(x) = 8(x^ - 3x? + 3x?). Establish a relation between p(x), g(x) and H.C.F. 
and L.C.M. of the expressions p(x) and q(x). 


Solution 
Firstly, let us factorize completely the given expressions p(x) and 
q(x) into irreducible factors. We have 
р(х) = 12(x° -x)212x*(x-1)222x 3x x* (x- 1) 
and Q(x) = 8(x* - Зх? + 2x7) = 8х2 (x? - 3x + 2) = 22x? (x - 1) (x - 2) 
Н.С.Е. of p(x) and g(x) = 22 x? (x - 1) = 4x? (x - 1) 
L.C.M. of p(x) and q(x) = 22 x 3 x x(x- 1)(x - 2) 


Observe that 
p(x)q(x) = 12x^ (x - 1) - 8x? (x - 1) (x - 2) 
-96x9(x-1y(x-2) anaes (i) 
and (L.C.M.) (H.C.F.) 
= [22 x 3 x x'(x-1) (x - 2] [4x (x - 1)] 
= [24x4 (x - 1) (x - 2)] [4x2 (x - 1)] 
= 96x6 (x - 1} (x-2) | | | |  . (ii) 
From (i) and (ii) it is clear that 
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Hence, if p(x), q(x) and one of H.C.F. or L.C.M. are known, we can find 
the unknown by the formulae, 


L 1.см-909Х40) or Hcr = 22х90) 
H.C.F L.C.M 


Il. If L.C.M., Н.С.Е. and one of р(х) or q(x) are known, then 


poga OM HCE 
q(x) ' 

d» L.C.M x H.C.F. 
p(x) 


Note: L.C.M. and H.C.F. are unique except for a factor of (-1). 


Example 1 
Find H.C.F. of the polynomials, 
р(х) = 20(2x? + Зх? - 2x) 
Q(x) = 9(5x* + 40x) 
Then using the above formula (I) find the L.C.M. of p(x) and q(x). 


Solution 
We have 
р(х) = 20(2x? + Зх? -2x) = 20x (2x? + Зх - 2) 
= 20x(2x? + 4x - x - 2) = 20x[2x(x + 2) - (x + 2)] 
= 20x (x + 2) (2х- 1) = 22 x 5 x x(x + 2) (2x - 1) 
Q(x) = 9(5x* + 40x) = 45x(x? + 8) 
= 45x (x + 2) (х2 - 2х+ 4) = 5 x 32 x x(x +2) (x? -2x + 4) 
Thus H.C.F. of p(x) and q(x) is 


Now, using the formula L.C.M = Ре чш. 
Кым 2#Х5х at 29x 1) X 5 X3? X ale + 22 -2x d 


5x(x + 2) 


=4X5X9X x(x +2) (2x - 1) (x? - 2x + 4) 
= 180x (x + 2) (2x - 1) (x* - 2x + 4) 


©) 


Example 2 
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Find the L.C.M. of 


р(х) = 6x? - 7x? - 27x + 8 and g(x) = 6x? + 17х + 9x - 4 


Solution 


We have, by long division, 
| 
бо-7х-27Х-8 ) бх\+17х + 9х-4 


6x —-7x —27x +8 


24x” + 36х —12 
But the remainder 24x? * 36x - 12 


= 12(2x? + Зх - 1) 
Thus, ignoring 12, we have 


3х-8 


бх — 7x? — 27x + 8 


2x7 + Зх – 1 


бх? + 9x? – 3x 
- + 


- 16x! – 24x + 8 


— 16x! - 24x + 8 
- - - 


0 


Hence Н.С.Е. of p(x) and q(x) is = 2x? + Зх - 1 
By using the formula, we have 
_ р(х) x q(x) 
L.C.M = -HCF ^ 
(6x3 — 7x? — 27x + 86:8 + 17x? + 9x – 4) 
2x? + Зх -1 
6x3 – 7х? – 27х + 8 


= х (6x? + 17x? + 9x – 4) 
2х? + 3x -1 


= (Зх —8)(6x? + 17x? + 9x — 4) 


Q) 
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6.1.4 Application of H.C.F. and L.C.M. 


Example 
The sum of two numbers is 120 and their H.C.F. is 12. Find the 
numbers. 


Solution 
Let the numbers be 12x and 12y, where x, y are numbers prime 
to each other. 
Then 12x + 12у = 120 
Le, х+у= 10 
Thus we have to find two numbers whose sum is 10. The possible 
such pairs of numbers are (1, 9), (2, 8), (3, 7), (4, 6), (5, 5) 
The pairs of numbers which are prime to each other are (1, 9) and 
(3, 7) 
Thus the required numbers are 
1х12,9х12;3 € 12, 7 x12 
i.e, 12, 108 and 36, 84. 


EXERCISE 6.1 
1. Find the H.C.F. of the following expressions. 


(i) 39x'yz апа 91xysz/ (ii) | 102xy7z, 85x?yz and 187xyZ 
2. Find the H.C.F. of the following expressions by factorization. 


(i) x2+5x+6, x?- 4x - 12 
(ii) | x3 - 27, x2+6x-27, 2x?-18 
(1) |^ x3 - 2x? +x, X +2x-3, x^*3x-4 


(ivy 18(08-9x?-8x) 24(х2-3х+ 2) 
(у)  36(3x** 5x3 - 2х2), 54(27x^- x) 
3. Find the H.C.F. of the following by division method. 
(i) x8 +3x?-16x4+12, x +х2- 10х+ 8 
(ii) _ х®+х%-2х°+х-3, 5х%+3х°-17х +6 
(ill) 2х°-4х*- 6x, Pee Зх? ЕВЕ 
4. Find the L.C.M. of the following expressions. 
( 39x’y2z and 91х5у7 (1) 1022977, 85x?yz and 187xyz? 
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Find the L.C.M. of the following expressions by factorization. 
(i) | x2-25x-* 100 and x? - x - 20 
(1) | x?-*4x*4,x?-4,2x?*x-6 
(ill) 2(x4 - y^), 306 *2xy- ху? - 2y?) 
(iv)  A(x*- 1), 6(x3 -x2 -x+ 1) 
6. For what value of k is (x + 4) the Н.С.Е. of x^ + x - (2k + 2) and 
2x? + kx - 12? 
7. If(x*3)(x-2)is the Н.С.Е. of p(x) = (x + 3) (2x? - 3x + k) and 
Q(x) = (x - 2) (3x? + 7x - 1), find k and /. 
8. TheL.C.M. and H.C.F. of two polynomials p(x) and q(x) are 2(x^ - 1) 
and (x + 1) (x? + 1) respectively.If p(x) = x? + x? + x + 1, find q(x). 
9. Let p(x) = 10(x? - 9) (x? - 3x + 2) and q(x) = 10x(x + 3) (x -1)*. If the 
H.C.F. of p(x), q(x) is 10(x * 3) (x - 1), find their L.C.M. 
10. Let the product of L.C.M and H.C.F of two polynomials be 
(x + 3)? (x - 2) (x + 5). If one polynomial is (x + 3) (x - 2) and the 
second polynomial is x? + kx + 15, find the value of k. 
11. Waqas wishes to distribute 128 bananas and also 176 apples 
equally among a certain number of children. Find the highest 
number of children who can get the fruit in this way. 


6.2 Basic Operations on Algebraic Fractions 


We shall now carryout the operations of addition, difference, 
product and division on algebraic fractions by giving some examples. 
We assume that all fractions are defined. 


Example 1 x+3 x*2 | ха! 


Simplify Q—3x42 2 —4x43 х-5х-46 


,XT1,43 


Solution 
x43 x+2 х +1 
+ 


) 2 i 2 
XY —3х+2 x —4e43 x —5x4+6 


О 


А 1 ^ А 
X 3 x + 2 r+] 
фк O 


) ” Э 
Y C2x—-cx-c-2 х-131-х43 х-3-2х-46 


Е r+3 z x+2 4 Хх +1 
х(х—2)— 1(х—2) х(х—3)—1(х—3) x(x-3)-2(x-—3) 
_ x+3 " x +2 + x + 1 
(х= 2) (х= 1) (х-3)(х-1) (х—3)(х—2) 


— (x - 3(x— 3) + (x + 2)(х— 2) + (х + 1)(х— 1) 
(x - D(x 2 22(x 3) 
Pater aha ut 
(х= 1) (x—2) (x—-3) 
_ Зх? — 14 
(х— 1)(х—2)(х—3) 


x-8 x?+6x+8 


Express the product 42.4 x  x2_2x41 asan algebraic 
expression reduced to lowest forms, x # 2, -2, 1 


By factorizing completely, we have 


x3-8 х2 + бх + 8 
х – 4 x? -2x +1 
_ (x= 2)(х2 + 2x + 4) x (x * 2x + 4) (i) 


(x- 2)(x*2)x(x- 1) 


Now the factors of numerator are (х - 2), (х? + 2x + 4), (x + 2) and 
(x * 4) and the factors of denominator are 
(x - 2), (x + 2) and (x - 1). 
Therefore, their H.C.F. is (x - 2) x (x * 2). 
By cancelling Н.С.Е. i.e., (x - 2) (x + 2) from (1), we get the simplified 


form of given product as the fraction (“+ 2x + 4)(x + 4) 
(x- Tr 


wh X^*tx-t1 X 1 
Divide (x — 9) by "A 2243 
lowest forms. 
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and simplify by reducing to 


We have (27 *x*1) - 2-1 — 
(x? — 9) (x? — Ax + 3) 
= GO *x*1)y (x-4Ax*3) . (inverting) 
(x? – 9) (x3— 1) 


(x? + x + 1)(x? - x- 3x +3) 
(x? 9) (3G — 1) 


.. (splitting the middle term) 


(x^ + x + 1)(х— 3Yx- 1) 1 А 
= = $ 
(x + 3)(x - 3(x — 1)(х? + x + 1) x43 c^ 
Simplify each of the following as a rational expression. 
| Х-х-6 х +2х—2А 
| Y —9 х х 10 
[x+1 x-1 4x tx 
2. х-1 х41 x +1 x —1 
1 1 2 
3. x —-8x*15 х -4х+3 х-6х-5 
- 2) (x + 3) + 2) (2x — 32) 
4. uro t 3) „X+ 2) (2х 32) 
x – 9 (x—4)(x — x-6) 
r+3 | 4х 
5. 2Y! 49x49 2(2x-3) 42-9 
| at] 
6. А-д» where A = 1-1 
7 х-| ' 2 _ {x4 | 4 Р 
_x-2 2-х) x*2 4-5 
8. What rational expression should be subtracted from 
2x*+2x-7 x-1 


9 
Ээ 


to get 
r+x-6 \ 


© 
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Perform the indicated operations and simplify to the lowest form. 


x+x-6 x —A 
x 


ү] ) 
9. Y —-x-6 x -9 
3 2 
10 х-8, x +6x+8 
: x-4 x -2x+1 
1 Ч 
с-5Х 2х — ] r+3 
11. a Тү" 25 X73 
2% + 5х-3 x +2x4+4 x 25 
12 2y 47у-4 4-1 
! Зу —13y 44 бу *y-1 
2 2 2 2 
x+y x-y x+y х-у 
i, [ы 2-и], [ze 


7 > 7 4 А 1 
LX =y x+y LX—y XTyj 


6.3 Square Root of Algebraic Expression 


Square Root 
As with numbers define the square root of given expression p(x) 
as another expression g(x) such that q(x) . q(x) = р(х). 
As 5 x 5 = 25, so square root of 25 is 5. 
It means we can find square root of the expression p(x) if it can 
be expressed as a perfect square. 
In this section we shall find square root of an algebraic expression 
(i) by factorization (ii) Бу division 


(i) By Factorization 
First we find the square root by factorization. 


Example 1 
Use factorization to find the square root of the expression 
4x? - 12x + 9 
Solution 


We have, 4x? - 12x + 9 
= 4x? - 6x - 6x + 9 = 2x(2x - 3) - 3(2x - 3) 
= (2х - 3) (2х- 3) = 2x - 3 


Q2) 
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Hence Nx - 12x +9 
= + (2х - 3) 


Example 2 M 
Find the square root of. x + 27 12 E шан | +38, x#0 


Solution 
We have х2 += + 12 (х+- | + 38 
хо à 


2 1 | 1 | | 
=X +—5+2 + 12| ыг 1636 , (adding and subtracting 2) 


ECHECS 


) 


х + |х -+ 6 since a? + 2ab + b? = (a + by 


Hence the required square root is +(x +— +6 | 


(ii) By Division 

When it is difficult to convert the given expression into a perfect 
square by factorization, we use the method of actual division to find 
its square root. The method is similar to the division method of finding 
square root of numbers. 


Note that 
We first write the given expression in descending order of powers 
of x. 


Example 1 
Find the square root of 4х* + 1228 + x^- 12x +4 


Solution 

We note that the given expression is already in descending order. 
Now the square root of the first term i.e., -/дх*= 2x2. So the first term 
of the divisor and quotient will be 2x? in the first step. At each 
successive step, the remaining terms will be brought down. 


© 
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2x +3x-2 


2x" ) 4x +12 +x°-12x+4 


+4x° 
4x” + Зх ) 12x +? – 12х+4 
+120 + 9х 
4x^ + 6x -2 ) -8x — 12x +4 


18x. +12х+4 
0 
Thus square root of given expression is + (2x? * 3x - 2) 


Find the square root of the expression 


X 2 у у 
4—+8-+ 16 + 12 = +9 = 
у y x x 


| 2 X . 
Now ^ [42 -2 ус So proceeding as usual, we have 
/ y^ | 


9X 49432 
Eb ~ X 
х \ x x _ Уу у 
2 | 4 54+8-+4+16+ 12=+9 = 
у, у у x x 
(2 
+4 5 
y 
X \ x 
4 +2 | 8— +16 
y / у 
ui» 8 = 2 
y 
X Рр. 2 
4— +4+3 12+ 12= +95 
) X X 
y y^ 
12+ 12= 195 
d X 


Version: 1.1 


We note that the given expression is in descending powers of x. 


Hence the square root of given expression is 


To make the expression x^ - 10x? + 33x? - 42x + 20 a perfect 
square, 
(i) _ what should be added to it? 
(ii) ^ what should be subtract from it? 
(iii) what should be the values of x? 


x = 5х + 4 
x] х 10° + 332 – 42x + 20 
» x 
22—5х| | -108 +330 


+ 10х + 25x 
2x! — 10x +4 | 8x? — 42x + 20 


+8х^ т 40x + 16 


— 2x + 4 


For making the given expression a perfect square the remainder 


must be zero. 

Hence 

(i) we should add (2x - 4) to the given expression 

(ii) we should subtract (-2x + 4) from the given expression 

(iii) we should take -2x + 4 = 0 to find the value of x. This gives the 


required value of x i.e., x = 2. 


© 
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5. To make the expression 9x^ - 12x? + 22x? - 13x + 12, a perfect square 


EXERCISE 6.3 


1. Use factorization to find the square root of the following expressions. 
(i) | 4x?- 12xy + 9? 


› | 
(i) 32-14 Ay? (x #0) 
ү 


- 1 1 14. 

(0  16* 712?" +36? 

(ivy 4(a + by - 12(a? - D?) + 9(a - Б)? 
4x° — 12x) y! + 9y* 

(v) 9x* + 24x y + 16y* 


м) [х+у]-4(«-у) exo 
(5, 1v { Bv 
мп [©“+2)]-Ах+ү] +12 699 


(viii) | (x? + 3x + 2) (х2 + Ax + 3) (x? + 5x + 6) 
(1х) (x?-8x-*7)(2x?-x-3)(2x?^* 11x - 21) 
2. Use division method to find the square root of the following 
expressions. 
(i) 4x? + 12xy + 9y? + 16x + 24у + 16 
(il) | x*- 10x? + 37x? - 60x + 36 
(1)  9x*^- 6x3 + 7x? - 2x + 1 
(iv) 4+25x2- 12x -24x + 16x4 
(v) =- 105+ 27 - 1075 (x #0, y #0) 
3. Find the value of k for which the following expressions will become 
a perfect square. 
(i) 4x^-12:0437x?^-42x*k (il) x*^-4xX *10x?-kx*9 
4. Find the values of | and m for which the following expressions will 
become perfect squares. 
(i) х4+ 4х3 + 1622 + /х+ т (1) 49х* – 70:3 + 109x? + Ix - m 


(i) what should be added to it? 
(ii) what should be subtracted from it? 
(iii) what should be the value of x? 


REVIEW EXERCISE 6 


. Choose the correct answer. 


Find the H.C.F. of the following by factorization. 
8x^ - 128, 12x? - 96 


. Find the H.C.F. of the following by division method. 


у? + Зу? – Зу – 9, у? + Зу? – 8у – 24 


. Find the L.C.M. of the following by factorization. 


12x? - 75, 6x? - 13x - 5, 4x? - 20x + 25 


. IF H.C.F. of x^ + 38 + 5x? + 26x + 56 and x^ + 2x? - 4x? - x + 28 15 


x? + 5x + 7, find their L.C.M. 


. Simplify 
| 3 3 
(i) + X +х+1 gay een) 
(ii a+b H a’ — ab 


H ) ? H ? 
a-b а-245-5 


. Find square root by using factorization 


Р) 


(22+ |+10[х+1]+27 (хай) 
1 X j \ X / 


. Find square root by using division method. 


4x 20x 30y 9y | 
э t Sh Se” (х,у#0) 
у x x 


y 


@) 
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SUMMARY 


* We learned to find the H.C.F. and L.C.M. of algebraic expressions 
by the methods of factorization and division. 
* We established a relation between H.C.F. and L.C.M. of two 
polynomials p(x) and q(x) given by the formula 
L.C.M. х H.C.F. = p(x) X q(x) 
and used it to determine L.C.M. or H.C.F. etc. 
* Any unknown expression may be found if three of them are known 
by using the relation 
L.C.M х H.C.F = p(x) X q(x) 
* H.C.F. and L.C.M. are used to simplify fractional expressions 
involving basic operations of +, -, х, + 
* Determinationofsquarerootofalgebraicexpressionbyfactorization 
and division methods has been defined and explained. 
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Animation 7.1: Linear Equations and Inequalities 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 

* Recalllinear equation in one variable. 

* Solve linear equation with rational coefficients. 

* Reduce equations, involving radicals, to simple linear form and find 
their solutions. 

* Define absolute value. 

* Solve the equation, involving absolute value, in one variable. 

e Define inequalities ( >, <) апа (>, <) 

* Recognize properties of inequalities (i.e., trichotomy, transitive, 
additive and multiplicative). 

* Solve linear inequalities with rational coefficients. 


Introduction 


In this unit we will extend the study of previously learned skills to 
the solution of equations with rational coefficients of Unit 2 and the 
equations involving radicals and absolute value. Finally, after defining 
inequalities, and recalling their trichotomy, transitive, additive and 
multiplicative properties we will use them to solve linear inequalities 
with rational coefficients. 


T.1 Linear Equations 
7.1.1 Linear Equation 


A linear equation in one unknown variable x is an equation of 
the form 
ax +b=0,wherea, Б = Randa#0 
A solution to a linear equation is any replacement or substitution 
for the variable x that makes the statement true. Two linear equations 
are said to be equivalent if they have exactly the same solution. 


(2) 
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7.1.2 Solving a Linear Equation in One Variable 


The process of solving an equation involves finding a sequence 
of equivalent equations until the variable x is isolated on one side of 
the equation to give the solution. 


Technique for Solving 
The procedure for solving linear equations in one variable is 
summarized in the following box. 
* If fractions are present, we multiply each side by the L.C.M. of the 
denominators to eliminate them. 
* Toremove parentheses we use the distributive property. 
* Combine alike terms, if any, on both sides. 
* Use the addition property of equality (add or subtract) to get all 
the variables on left side and constants on the other side. 
* Usethe multiplicative property of equality to isolate the variable. 
* Verify the answer by replacing the variable in the original equation. 


Example 1 


Solve the equation 3x х-2 25 


27 3 6 


Solution 
Multiplying each side of the given equation by 6, the L.C.M. of 
denominators 2, 3 and 6 to eliminate fractions, we get 
9х- 2(х-– 2) = 25 
=> 9x-2x+4=25 


= 7х = 21 
= х=З 
Check 
Substituting x = 3 in original equation, 
Ad. 44. 
2007-73 TS 
9 _ 25 
6 
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. Which is true 


Since x = 3 makes the original statement true, therefore the 
solution is correct. 
Note: Some fractional equations may have no solution. 


Example 2 
Solve _3 _ 3y 


—2= 


y-1 у-! 


у# 1 


Solution 
To clear fractions we multiply both sides by the L.C.M. = у – 1 and 
get 


3 -2( - 1) = Зу 
=> 3-2y+2=3y 
= -5y = -5 
> y=1 
Check 


Substituting y = 1 in the given equation, we have 
1-1 ^ 1-1 
3 3 
0 ^ 0 
3 
But гу is undefined. So y = 1 cannot be a solution. 


Thus the given equation has no solution. 


Example 3 
3х — 1 2x 


Solve - — =X, xzl 
3 х-1 


Solution 
To clear fractions we multiply each side by 3(x - 1) with the 


assumption that 


x-1+#0i.e., x #1, and get 
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(x — 1) (8x — 1)- 6x = 3x(x - 1) 


= Зх – 4х + 1 = Зх? – Зх 
= —10x + 1 = -3x 

=> —/x--1 

H ped 
Check 


On substituting x =the original equation is verified a true 
statement. That means the restriction x = 1 has no effect on the 
solution because 21: 

Hence our solution x = > is correct. 


7.1.3 Equations Involving Radicals but Reducible to Linear 
Form 


Redical Equation 
When the variable in an equation occurs under a radical, the 
equation is called a radical equation. 
The procedure to solve a radical equation is to eliminate the 
radical by raising each side to a power equal to the index of the radical. 
When raising each side of the equation to a certain power may 
produce a nonequivalent equation that has more solutions than the 
original equation. These additional solutions are called extraneous 
solutions. We must check our answer(s) for such solutions when 
working with radical equations. 


Note: An important point to be noted is that raising each side to an 
odd power will always give an equivalent equation; whereas raising 
each side to an even power might not do so. 


Example 1 
Solve the equations 
(a) J42x-3-7-0 (b) 48х-5-4/х-1 


©) 
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(a) Toisolate the radical, we can rewrite the given equation as 


Wasa =F 
=> 2х-3= 49,  .... (squaring each side) 
ES 2х = 52 => х= 26 


Let us substitute x = 26 in the original equation. Then 


N2(26) -3-27 20 


Hence the solution set is (26). 


We substitute x = -3 in the original equation. Then 
Зс 3e 3r— 3— 
4/3(-3) +5 = ү-3-1 => 31-4-11-4 


Thus х = -3 satisfies the original equation. 


equation to an odd power. 
Thus the solution set = (-3) 


Solve and check: 
N5x-7-*x-10-0 
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(b) Ме have 
3 3--- 802. (given) 
A3x-5 =\x-1 5 
= Зх+5=х-1 8-2. (taking cube of each side) 
=> 2x=-6> x=-3 


Here 4-4 is a real number because we raised each side of the 


When two terms of a radical equation contain variables in the 
radicand, we express the equation such that only one of these terms 
is on each side. So we rewrite the equation in this form to get 


N5x- 7 =3{х+10 


5x-7=x+10, 
4Ax=17 =» х 


17 777 (squaring each side) 


Substituting x = E in original equation. 


AS —F—UETIO —U 


ТО г PN 
NJ 1\10 =0 
Ma v4 = 

0 =0 


.е., х= =- makes the given equation a true statement. 


[7 
Thus solution set = {17} 


Squaring both sides we get Squaring both sides we get 


х+7+х+2+2\/ (x *70x*2) =6x +13 
=> 2\[+9х+14 =4х+4 


= \/2#+9х+14 =2х+2 


Q 
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Squaring again 
х? + 9х + 14 = 4х? + 8x+4 

Зх? - х- 10 = 0 

Зх? - 6x + 5х- 10 = 0 

3x(x - 2) + 5(х- 2) = 0 

(x - 2) (3x + 5) = 0 

х= 2, - 2 

On checking, we see that x = 2 satisfies the equation, but x = - 2 

does not satisfy the equation. So solution set is {2} and x = - 3, is ап 
extraneous root. 


YUUYY 


EXERCISE 7.1 


1. Solve the following equations. 
8 onm "i А um 2 | 
(i) — ТЕРЕ. (ii) Аа 


ay 1( 1),2 5 1(1 4), 
(9 5x-g]«5-g*3lo-3) 09 


5 : Х А : наг Te sA 
0) 6  7-17$ Wi) eg" yoo" 
a 2x 2 5 mu " 2x 1 5 2 
(М) 25-5 3 4x«10: **72 MD үз” єЄүлү,хя! 
| 2 1 1 К 2 1 1 I 
(ix) x-1 x*l1 x41? х #1] (X) 3-6 6 2х+4' 7 7 


2. Solve each equation and check for extraneous solution, if 


any. 

(0) /зх+4—2 (1) 3/2х-4-2-0 
(il) Jx-3-7=0 (v) — 2:-4-5 

№) 3oxi3-3/x-2 (vi) 2-1 e 3f2t-28 


(vii) /2-6-4/1-5-0 


” 1 
(viii) | ET Еа 
2х+5 2 
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7.2 Equation Involving Absolute Value 
Another type of linear equation is the one that contains 
absolute value. To solve equations involving absolute value we first 
give the following definition. 
7.2.1 Absolute Value 
The absolute value of a real number ‘a’ denoted by | a |, is 
defined a 
mae 1 a, ifa>0 
-a, ifa«0 
eg, |161-6 , |0|=0 апа | -6| = -(-6) = 6. 


Some properties of Absolute Value 


If a, be R, then 
(i) |a|>0 (ii) |-a|=|a| 
(i) ^ |881-101-161 (v) |Е| = 5 beo 


7.2.2 Solving Linear Equations Involving Absolute Value 


Keeping in mind the definition of absolute value, we can 
immediately say that 
| x |= 3 іѕ equivalent tox=3 or x=-3, 
because x = +3 or x = -3 make | x | =3 a true statement. 
For solving an equation involving absolute value, we express the given 
equation as an equivalent compound sentence and solve each part 
Separately. 


Example 1 
Solve and check, | 2x +3 | =11 


Solution 
By definition, depending on whether (2x + 3) is positive or 
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negative, the given equation is equivalent to 
+(2х+ 3) = 11 or -(2x+3)=11 
In practice, these two equations are usually written as 
2x+3=+11 or 2x+3 --11 
2x=8 or 2x=-14 


x=4 or =-/ 
Check 
Substituting x = 4, in the original equation, we get 

| 2(4) + 3| =11 

i.e., 11=11, true 

New substituting x = -7, we have 

|2(-7) + 3| = 11 
|-11 | =11 

11=11, true 


Hence x = 4, - 7 are the solutions to the given equation. 
or Solution set = {-7, 4} 
Note: For an equation like 3|x - 1| - 6 = 8, do not forget to 
isolate the absolute value expression on one side of the equation 
before writing the equivalent equations. In the equation under 
consideration we must first write it as 
|x-1| = 14/3 


Example 2 
Solve |8x - 3| = |4x * 51 


Solution 

Since two numbers having the same absolute value are either 
equal or differ in sign, therefore, the given equation is equivalent to 

8x-3=4x+5 or 8x - 3 = -(4х + 5) 

4x=8 or 12x = -2 
x=2 or х= -1/6 

On checking we find that x = 2, x = -+ both satisfy the original 
equation. 

Hence the solution set Cu 2). 
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Sometimes it may happen that the solution(s) obtained do not satisfy 
the original equation. Such solution(s) (called extraneous) must be 
rejected. Therefore, it is always advisable to check the solutions in the 
original equation. 


Example 3 
Solve and check |3x + 10 | = 5x * 6 


Solution 
The given equation is equivalent to 
+(3x+10) =5x+6 


i.e., 3x+10 =5x+6 or 3x+10 = -(5x+ 6) 
-2x = -4 or 8x = -16 
x72 or x = -2 


On checking in the original equation we see that x = -2 does not 
Satisfy it. Hence the only solution is x = 2. 


EXERCISE 7.2 


1. Identify the following statements as True or False. 

(i) | x | =0 has only one solution. . . | | ... 

(ii) All absolute value equations have two solutions. — se.. 

(iii) The equation | x | =2 is equivalent to x = 2 or x=-2.  .... 

(iv) The equation | x-4 | = -4 has no solution. a... 

(v) The equation | 2x-3 | = 5 is equivalent to 2x -3 = 5 or 
2x+3=5. 

2. Solve for x 


1 
(i) 13х-5|-4 (ii) > |3x+2|-4=11 
(iii) |2x € 5| =11 (iv) |3+2x| = |6x - 7| 


1 
(у) |x *2| -325- |x *2] (vi) 2 Ix *3| 42129 


1 3Хх-5|) 1 2 7 X49] _¢ 
(vii) “303 (viii) Suv 


© 
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7.3 Linear Inequalities 


In Unit 2 ,we discussed an important comparing property of 
ordering real numbers. This order relation helps us to compare two 
real numbers ‘a’ апа ‘Ё’ when a ғ b. This comparability is of primary 
importance in many applications. We may compare prices, heights, 
weights, temperatures, distances, costs of manufacturing, distances, 
time etc. The inequality symbols « and » were introduced by an English 
mathematician Thomas Harriot (1560 — 1621). 


7.3.1 Defining Inequalities 


Let a, b be real numbers. Then a is greater than b if the 
difference a - b is positive and we denote this order relation by the 
inequality a» b. An equivalent statement is that in which b is less than 
a, symbolised by b« a Similarly, if a - b is negative, then a is less than 
b and expressed in symbols as a « b. 

Sometimes we know that one number is either less than another 
number or equal to it. But we do not know which one is the case. In 
such a situation we use the symbol "«" which is read as "less than or 
equal to". Likewise, the symbol “>” is used to mean "greater than or 
equal to". The symbols <, >, and > are also called inequality signs. The 
inequalities x > y and x < y are known as strict (or strong) whereas the 
inequalities where as x « y and y <x are called non-strict (or weak). 

If we combine a < b and b < c we get a double inequality written 
in a compact form as a « b « c which means "b lies between a and c" 
and read as “a is less than b less than c" Similarly, "a < b < с" is read as 
"b is between a and c, inclusive." 

A linear inequality in one variable x is an inequality in which the 

variable x occurs only to the first power and has the standard form 
ax*b«0,as0 

where a and b are real numbers. We may replace the symbol < by >, 


« Or » also. 


7. Linear Equations and Inequalities 


7.3.2 Properties of Inequalitie 


The properties of inequalities which we are going to use in 
solving linear inequalities in one variable are as under. 


1 Law of Trichotomy 
For any a, b e R, one and only one of the following statements 
is true. 
a«b or a-b, or a>b 
An important special case of this property is the case for 
b = О; namely, 
a<Qora=Oora>OforanyaeR. 


2 Transitive Property 

Leta, b,c є В. 
(i) Ifa>bandb>c,thena>c 
(ii) Ifa<bandb<c,thena<c 


З Additive Closure Property For a,b,c є R, 
(i) fa>b,thena+c>b+c 
Ifa<b,thena+c<b+c 
(ii) Ifa >0 and р > 0, thena+b>0 
Ға < О апар «O,thena* b«O 


4 Multiplicative Property 

Leta, р, с, deR 
(i) Ifa»0andb»0,then ab > 0, whereasa«Oand b «02 ab»0 
(ii) 1#а> рапас> 0, їћепас> bc 

or ifa < b and c > 0, then ac < bc 
(iii) Ifa» band c< 0, then ac < bc 

or ifa < b and c «O, then ac > bc 

The above property (iii) states that the sign of inequality is reversed 

(iv) If a» b and c» d, then ac» ба 


© 
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Solution 
The given inequality is a double inequality and represents two 


separate inequalities 
The method of solving an algebraic inequality in one variable is | —2x ] - 2x 


7.4. Solving Linear Inequalities 


-2 and 
explained with the help of following examples. iE NE jy = 
] 2х 
-2< E «1 
Example 1 
Solve 9 - 7x » 19 - 2x, where x eR. or -6«1-2x«3 
or -/«-2x«2 
Solution Or E > x»-1 
9 - 7x» 19- 2х i.e., -1< x<3.5 
JSE TD sus (Adding 2x to each side) So the solution set is {x | - 1 < x < 3.5}. 
-5х> 10 ... (Adding -9 to each side) 
12-02 -с2: (Multiplying each side by _ 1) Example 4 


Hence the solution set = {x | x « - 2} Solve the inequality 4x - 1 < 3 < 7 + 2x, where x e R. 


Example 2 Solution 
Caius le-s " 3 irs uds The given inequality holds if and only if both the separate 
D | inequalities 4x - 1 < 3 and 3 < 7 + 2x hold. We solve each of these 
inequalities separately. 


Solution The first inequality 4x - 1 « 3 
a= : «x4 | gives Ax«4le,xs1 ш. (i) 
ж. | and the second inequality 3 « 7 *2x yields -4 « 2x 
To clear fractions we multiply each side by 6, the L.C.M. of 2 and 3 Le, -2 <x which implies x> -2  . . . 26 (ii) 
and get Combining (i) and (ii), we have -2 <x < 1 
6 1 ‚-2 | «e| : +1 | Thus the solution set = (x|-2x x <1}. 
or 3x-4<6x+2 EXERCISE 7.3 
or 3x < 6x +6 
or -3x < 6 1. Solve the following inequalities 
or х>»-2 (i) 3x+1<5x-4 (ii) 4х-10.3 «21x -1.8 
Hence the solution set = (x | x > -2). " | | | " „l 
(iii) 4-5x 2-7+7* (iv) x- 2(5 – 2х) > 6x- 35 
Example 3 3x+2 2х-1 | 
(v) -^ »-] (vi) 3(2x + 1) - 2(2x + 5) « 5 (3x - 2) 


”) E” 
m <1, where x e R. 9 3 


@) 


Solve the double inequality < 1- 
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(vii) 3(x-1)-(x-2)»-2(x*4) (viii) 2 


Solve the following inequalities 
(i) -4<3х+5 <8 Оа. 
38 с-2 7-х 
(il) -6< 1 <6 (iv) 32 E 2] 
х-4 
(vV) 3x-10<5<x+3 (i) -3«——«4 


(vi) 1-2x<5-x<25-6x (vii) 3x-2«2x*1«4x-* 17 


REVIEW EXERCISE 7 
Choose the correct answer. 


2. Identify the following statements as True or False 


(i) The equation 3x - 5 = 7 - x is a linear equation. ...... 

(ii) The equation x - 0.3x = 0.7x is an identity. ...... 

(iii) The equation -2x + 3 = 8 is equivalent to -2x = 11. — .... 

(iv) To eliminate fractions, we multiply each side of an equation 
by the L.C.M.of denominators....... 

(v) 4(x + 3) =x +3 isa conditional equation.  ...... 

(vi) The equation 2(3x + 5) = 6x + 12 is an inconsistent 
equation..... 


(vii) To solve ox=12 we should multiply each side by 5 сс 


(viii) Equations having exactly the same solution are called 
equivalent equations.  .... 
(ix) A solution that does not satisfy the original equation is called 


extraneous solution. 


. Linear Equations and Inequalities 


Answer the following short questions. 

(i) Define a linear inequality in one variable. 

(ii) State the trichotomy and transitive properties of inequalities. 
(iii) The formula relating degrees Fahrenheit to degrees Celsius is 


F- 2 C + 32. For what value of C is F « 0? 
(iv) Seven times the sum of an integer and 12 is at least 50 and at 
most 60. Write and solve the inequality that expresses this 


relationship. 
. Solve each of the following and check for extraneous solution 
if any 
(i) NES +4 = №! — | (ii) N3x- | — 28 —2x=0 
. Solve for x 
(Q — 13х414|-245х (i) 1-31=16+2 
. Solve the following inequality 
1 T 
i) ^ -yx45<1 ji) 3 <1 


SUMMARY 


Linear Equation in one variable x isax+b=0 wherea, р є В, а ғ 0. 
Solution to the equation is that value of x which makes it a true 
statement. 
An inconsistent equation is that whose solution set is 9. 
Additive property of equality: 

If a=b, then a+c=b+c 

and a-c-b-c.va,bceR 
Multiplicative property of equality: If a = b, then ac = bc 
Cancellation property: 

Ifa*c-b-*c,thena-b 

Рас = bc,c«Othena-b,va, b, ceR 
To solve an equation we find a sequence of equivalent equations to 
isolate the variable x on one side of the equality to get solution. 


eLearn.Punjab 


7. Linear Equations and Inequalities eLearn.Punjab 


A radical equation is that in which the variable occurs under the 
radical. It must be checked for any extraneous solution(s) 
* Absolute value of a real number a is defined as 


rie а, ifa > 0 
-a, ifa<0 
* Properties of Absolute value: 
ifa, b e В, then 
(i) |а| > 0 
(i) |-a| = |a] 


(i) |ab| = Ja]. |b| 


a 


b 


M b#0 


(iv) 
Ib 


(уу) |x| =ais equivalent to x a or x = -a 
* Inequality symbols are <,>,<,> 
* A linear inequality in one variable x is ax * b«0,a2z0 
* Properties of Inequality: 
(a) Law of Trichotomy 
Ifa,beRthena«bora-b or a» b 
(b) Transitive laws 
Ifa» bandb»c,thena»c 
(c Multiplication and division: 


(i) lfa»bandc»O,then ac» bc and d 
C C 


(ii) Ifa>bandc<0O, then ac < bc and 29 
С С 


version: 1.1 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 
e Identify pair of real numbers as an ordered pair. 
* Recognize an ordered pair through different examples. 
* Describe rectangular or Cartesian plane consisting of two number 
lines interesting at right angles at the point O. 
* Identify origin (O) and coordinate axes (horizontal and vertical axes 
or x-axis and y-axis) in the rectangular plane. 
* Locate an ordered pair (a, b) as a point in the rectangular plane and 
recognize. 
° a as the x-coordinate (or abscissa), 
° b as the y-coordinate (or ordinate). 
* Draw different geometrical shapes (e.g., line segment, triangle and 
rectangle etc.) by joining a set of given points. 
* Construct a table for pairs of values satisfying a linear equation in 
two variables. 
* Plot the pairs of points to obtain the graph of a given expression. 
* Choose an appropriate scale to draw a graph. 
* Draw a graph of 


. an equation of the form у= с, 

е ап equation of the form x = a, 

. an equation of the form y = mx, 

. an equation of the form у = mx + с. 


* Draw a graph from a given table of (discrete) values. 
* Solve appropriate real life problems. 
* |nterpret conversion graph as a linear graph relating to two 
quantities which are in direct proportion. 
* Readagiven graph to know one quantity corresponding to another. 
* Readthe graph for conversions of the form. 
* miles and kilometers, acres and hectares, 
* degrees Celsius and degrees Fahrenheit, 
e Pakistani currency and another currency, etc. 
* Solvesimultaneouslinear equations intwo variables using graphical 


method. 


8. Linear Graphs & their Application 


8.1 Cartesian Plane and Linear Graphs 
8.1.1 An Ordered Pair of Real Numbers 


An ordered pair of real numbers x and y is a pair (x, y) in which 
elements are written in specific order. 
Le. (i) (х y)is ап ordered pair in which first element is x and 
second is y. such that (x, y) + (y, x) where, x # y. 
(ii) (2, 3) and (3, 2) are two different ordered pairs. 
(iii) (х, у) = (т, п) onlyifx  mandyz n. 


8.1.2 Recognizing an Ordered Pair 


In the class room the seats of a student is the example of an 
ordered pair. For example, the seat of the student A is at the 5th place 
in the 3rd row, so it corresponds to the ordered pair (3, 5). Here 3 
shows the number of the row and 5 shows its seat number in this 
row. 

Similarly an ordered pair (4, 3) represents a seat located to a 
student A in the examination hall is at the 4th row and 3rd column i.e. 
3rd place in the 4th row. 


8.1.3 Cartesian Plane 


The cartesian plane establishes one-to-one correspondence 
between the set of ordered pairs Кх R = {(x, у) | x, y є R} and the 
points of the Cartesian plane. 

In plane two mutually perpendicular straight lines are drawn. 
The lines are called the coordinate axes. The point O, where the two 
lines meet is called origin. This plane is called the coordinate plane or 
the Cartesian plane. 
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called the y-axis. The point O where Cet E 

the x-axis and y-axis meet is called the t+ t+ 

origin and it is denoted by O(0, 0). [[[[[үЇ[[[[[ 
We have noted that each point in fe ee 


the plane either lies on the axes of the coordinate plane or in any one 
of quadrants of the plane namely XOY, YOX’, X/OY’ and Y'OX called 
the first, sceond, thirdand the fourth quadrants of the planesubdivided 
by the coordinate axes of the plane. They are denoted by Q-I, Q-II, Q-III 
and Q-IV respectively. 

The signs of the coordinates of the points (x, y) are shown below; 


SEE EEE 
e.g, 1. The point (-3, -1) lies in Q-Ill. 2. The point (2, —3) lies in Q-IV. 
3. The point (2, 5) lies іп Q-I. 4. The point (2, O) lies on x-axis. 


8.1.5 Location of the Point P(a, b) in the Plane Corresponding 
to the Ordered Pair (a,b) 


Let (a, b) be an ordered pair of R x R. 
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v 


In the reference system, the real number a is measured along 
x-axis, OA = a units away from the origin along OX (if a > 0) and the 
real number b along y-axis, OB = b units away from the origin along 
OY (if b > 0). From B on OY, draw the line parallel to x-axis and from A 
on OX draw line parallel to y-axis. Both the lines meet at the point P. 
Then the point P corresponds to the ordered pair (a, b). 

In the graph shown above 2 is the x-coordinate and 3 is the 

y-coordinate of the point P which is denoted by P(2, 3). 

In this way coordinates of each point in the plane are obtained. 

The x-coordinate of the point is called abscissa of the point 

P(x, y) and the y-coordinate is called its ordinate. 

1. Each point P of the plane can be identified by the coordinates of 
the pair (x, y) and is represented by P(x, y). 

2. All the points of the plane have y-coordinate, y = 0 if they lie on the 
x-axis. i.e., P(-2, O) lies on the axis. 

3. All the points of the plane have x-coordinate x = 0 if they lie on the 
y-axis, i.e., О(0, 3) lies on the y-axis. 


8.1.6 Drawing different Geometrical Shapes of Cartesian 
Plane 


We define first the idea of collinear points before going to form 


geometrical shapes. (5) 
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(a) Line-Segment 


Example 1: 
Let P(2, 2) and Q(6, 6) are two points. 
1. Plot points P and Q. 
2. Join the points P and Q, we get the line 
segment PQ. It is represented by PQ. 


21111. EN 
шикиш” шиши 
||| ү 
твор 
BENERENNERS 
(10|1111 1 Х| | 


Ехатрїе 2: 

Plot points P(2, 2) and Q(6, 2). By 
joining them, we get a line segment PQ 
parallel to x-axis. 

Where ordinate of both points is equal. 


BIENNIUM 
PT Tt LLL LLLI 


Example 3: 
Plot points B(3, 2) and Q(3, 7). By joining YT | | | 
them, we get a line segment PQ parallel to ZAREE 
y-axis. 
In this graph abcissas of both the points ЕРЕЕН 
are equal. 


(b) Triangle 


Example 1: 

Plot the points P(3, 2), Q(6, 7) and 
R(9, 3). By joining them, we get a triangle 
PQR. 
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Example 2: 

For points O(0, 0), P(3, 0) and 
R(3, 3), the triangle OPR is constructed 
as shown by the side. 


(c) Rectangle 


Example: 
Plot the points P(2, 0), Q(2, 3), 
S(-2, 0) and R(-2, 3). Joining the points P, 
Q, Rand S, we get a rectangle PQRS. 
Along y-axis, 
2 (length of square) = 1 


8.1.7 Construction of a Table for Pairs of Values Satisfying 
a Linear Equation in Two Variables. 


Let 2x *y = 1 (i) 
be a linear equation in two variables x and y. 
The ordered pair (x, y) satisfies the equation and by varying x, 
corresponding y is obtained. 
We express (i) in the forms 


(9 
The pairs (x, y) which satisfy (ii) are tabulated below. 


Similarly all the points can be computed, the ordered pairs of 
which do satisfy the equation (i). 
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points in the plane, which form the graph of the equation (by joining 
the plotted points). 
(a The equation у= cis formed in the plane by the set, 
S = {(x, с): x lies on the x-axis} sub set RxR. 

The procedure is explained with the help of following examples. 

Consider the equation y = 2 The set S is tabulated as; 

The set S is tabulated as; 

[x eA 3 [2]|31]051]|2 1... 

21111. 


211111: 
Чу ХХ үг--гг- The points of S are plotted in the plane. 


2111:11А111111| 
21111111:11111! 
EHPEZIZIZTZENUNN 
ТЕТЕ 
Li Д Б ET LET T EL 
ESEGIXOESENE S 
LLL LLL ELLL LLLI 
2111:111111111| 
211111. | TT Tt 
211111Ү111111! 


8.1.9 Scale of Graph Similarly graph of y = —4 is shown as: 


8.1.8 Plotting the points to get the graph 

Now we plot the points obtained in the table. Joining these 
points we get the graph of the equation. The graph of y = -2x + 1 is 
shown on the next page. 


To draw the graph of an equation we choose a scale e.g. 1 small 
square represents 2 meters or 1 small square length represents 10 or 
5 meters. It is selected by keeping in mind the size of the paper. Some 
times the same scale is used for both x and y coordinates and some 
times we use different scales for x and y-coordinate depending on the 
values of the coordinates. 


8.110 Drawing Graphs of the following Equations 


(a) y = с, wherec is constant. 
(b) x =a, where a is constant. 


9 ааа Ше So, the graph of the equation of the typey = c is obtained as: 
(d) у= тх + с, where m and c both are constants. | 
Se drawing th мүн tion i ere (i) the straight line 
y drawing the graph of an equation is meant to plot those П 22277 
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- 2 | , mE Similarly graph for equation x = —2 is shown as: 
(iii) the line is above the x-axis at a distance c units if c > 0 


(iv) the line (shown as y = -4) is below the x-axis at the distance c D LLLLLALLLLLLI 
units as c < 0 Sy a -— 


(vy) the line is that of x-axis at the distance c units if c = 0 
(b The equation, x = a is drawn in the plane by the points of the set 
5 = {(а, у): у е R} 
The points of S are tabulated as follows: 


ха а aja ајајаа | 
MCRAE 


The points of S are plotted in the plane as, ..... (a, –2), (a, —1), (a, 0), So, the graph of the equation of the type x = a is obtained as: 
(a, 1), (a, 2), .... etc. (i) the straight line 
The point (a, 0) on the graph of the equation x = a lies on the x-axis (ii) X the line parallel to the y-axis 
while (a, y) is above the x-axis if y > 0 and below the x-axis if y « 0. By (iii) the line is on the right side of y-axis at distance "a" units if a > 0. 
joining the points, we get the line. (iv) the line x = -2is on the left side of y-axis at the distance a units 
The procedure is explained with the help of following examples. as a < 0. 
Consider the equation x =2 (v) the line is y-axis if a = 0. 


Table for the points of equation is as under 
(c) The equation y = mx, (for a fixed m eR) is formed by the points of 


the set W = (х, mx): xcR) 
Le ee ee ht et I ee œ | ie. W= {....., C2, 2m), (-1,—m), (0, 0), (1, m), (2, 2m), .... }. 


The points corresponding to the ordered pairs of the set W are 


Thus, graph of the equation x = 2 is shown as: tabulated below: 


The procedure is explained with the help of following examples. 
Consider the equation y=x, wherem=1 
Table of points for equation is as under: 
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The points are plotted in the plane as follows: These points are plotted in plane as below: 
Pitt} tat tt || А | | gamete | 
Е-Е ЕЕРЕЕ 
ERESZSEEENZEN ---H-HA 
||| T PD | 
Аааа 
Ир 11 Р. 
киши ш TES 
ТИКЕ РЕТ 
И 
Pepe ЛЕШШНЕЕНЕИНЕЕ 
(11111Ү11111ЇГ1:) ТТТ ТТТ 
By joining the plotted points the graph of the equation of the type (1111Г1Ү111111!| 
у = тх іѕ, We see that 
(i) | the straight line (i) у= тх +c represents the graph of a line. 
(1) X it passes through the origin O(0, 0) (ii) It does not pass through the origin O(0, 0). 
(iii) m is the slope of the line (iii) It has intercept c units along the y-axis away from the 
(iv) the graph of line splits the plane into two equal parts. If m= 1, origin. 
then the line becomes the graph of the equation y = x. (iv) m is the slope of the line whose equation is у = mx + c. 
(v) If m=-1 then line is the graph of the equation y = —x. 
(vi) the line meets both the axes at the origin and no other poin In particular if 
(d) Now we move to a generalized form of the equation, i.e., (i) c= 0, then y = mx passes through the origin. 
у=тх+ с, where m, C * 0. (1) 11150, then the line у= cis parallel to x-axis. 
The points corresponding to the ordered pairs of the 
5 = ((x, mx + с): m, c (* 0) К} are tabulated below 8.1.11 Drawing Graph from a given Table of Discrete Values 


[x | of 1 | 2 | |. x | | If the points are discrete the graph E 
[Ly | c [m*cj2msc|3m*c| —. [mere] | is just the set of points. The points are T 
(3 


not joined. 
The procedure is explained with the help of following examples. For example, the following table of 
Consider the equation discrete values is plotted as: 
y=x+1, wherem=1,c=1 
We get the table 


So, the dotted square shows the 


px «0| 1 [23]. |. | graph of discrete values. 
eye 2) Bf 2411 . a 


@) 
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8.1.12 Solving Real Life Problems 


We often use the graph to solve the 
real life problems. With the help of graph, 
we can determine the relation or trend 
between the both quantities. 

We learn the procedure of drawing 
graph of real life problems with the help of 
following examples. 


Example: 
Equation y = x + 16 shows the 
relationship between the age of two person 


i.e. if the age of one person is x, then the age of other person is y. 
Draw the graph. 


Solution 
We know that y=x+16 
Table of points for equation is given as: 


px {Oo} 4 81121161. 
Ly | 16} 20 | 24 | 28 | 32 | .. | 
By plotting the points we get the graph of a straight line as shown 
in the figure. 


EXERCISE 8.1 


1. Determine the quadrant of the coordinate plane in which the 
following points lie: P(-4, 3), Q(—5, –2), R(2, 2) and S(2, —6). 
2. Draw the graph of each of the following 
(i) х-2 (i) x=-3 (iii) y=-1 
(iv) y=3 (v) y=0 (vi) x=0 


(vii) y=3x (vi) -y=2x (ix) 23 x 
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(х) 3y=5x (xi) 2x-y-0 
(xiii) x -3y+1=0 (xiv) 3x-2y + 1-0 


(xii) 2x -y 7-2 


3. Arethe following lines (i) parallel to x-axis (ii) parallel to y-axis? 
(i) 2x-1=3 0) x*2-2-1 (1) 2у+3 = 2 
(iv) x+y=0 (v) 2x-2y=0 


4. Find the value of m and c of the following lines by expressing 
them in the form y = mx + c. 
(a) 2x*3y-1-0 (b) х-2у--2 () 3x+y-1=0 
(d 2x-y=7 (e) 3-2x+y=0 (f 2x2y*3 


5. Verify whether the following point lies on the line 2x - y +1 = 0 
or not. 
(i) (23) (ii) (0, 0) (1) (1, 1) 


(iv) (2,5) М) (53) 


8.2 Conversion Graphs 
8.2.1 To Interpret Conversion Graph 


In this section we shall consider conversion graph as a linear 
graph relating to two quantities which are in direct proportion. 
Let y = f(x) be an equation in two variables x and y. 
We demonstrate the ordered pairs which lie on the graph of the 
equation y = 3x + 3 are tabulated below: 


ШЕЗИШЕ eee 


Ly | «3 | 0 | -3.. | 
(x, y) 


By plotting the points in the plane corresponding to the ordered 
pairs (0, 3), (-1, 0) апа (-2, –3) etc, we form the graph of the equation 
У = Зх + 3. 
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The conversion Bap" of x with respect to y is шинээ as below: 


8.2.2 Reading a Given Graph 


From the graph of y = 3x + 3 as shown above. 
(i) | fora given value of x we can read the corresponding value of y 
with the help of equation y = 3x + 3, and 
(ii) for a given value of y we can read the corresponding value 
of x, by converting equation y = 3x + 3 to equation x ye 
and draw the corresponding conversion graph. 


In the conversion graph we express x in terms of y as explained 
below. 
y=3x+3 
> у-3-3х43-63 
=> y-3=3x or 3x=y-3 
= x -ly- 1,  wherexis expressed in terms of y. 


We tabulate the values of the dependent variable x at the values 
of y. 


I-y аз | @ [ $4 
[x | 0 | 4 | du 


8.2.3 Reading the Graphs of Conversion 


(a) Example: (Kilometre (Km) and Mile (M) Graphs) 
To draw the graph between kilometre (Km) and Miles (M), we use 
the following relation: 
One kilometre = 0.62 miles, (approximately) 


and one mile =1.6km (approximately) 
(i) The relation of mile against kilometre is given by the linear 
equation, 
y = 0.62 x, 


If yis a mile and x, a kilometre, then we tabulate the ordered pairs 
(x, y) as below; 


х|011 2 3 Д... 
у | O | 0.62 | 1.24 | 1.86 | 2.48 ... 


The ordered pairs (x, y) corresponding to y = 0.62x are represented 
in the Cartesian plane. By joining them we get the desired following 
graph of miles against kilometers. 


@) 


Version: 1.1 


For each quantity of kilometre x along x-axis there corresponds mile 
along y-axis. 
(1) The conversion graph of kilometre against mile is given by 
y=1.6x (approximately) 
If y represents kilometres and x a mile, then the values x and y 
are tabulated as: 


We plot the points in the xy-plane corresponding to the ordered 
pairs. (0, 0), (1, 1.6), (2, 3.2), (3, 4.8) and (4, 6.4) as shown in figure. 


By joining the points we actually find the conversion graph of 
kilometres against miles. 


(b) Conversion Graph of Hectares and Acres 
(i) The relation between Hectare and Acre is defined as: 
Hectare = rm Acres 
- 2.5 Acres (approximately) 

In case when hectare =x and acre = y, then relation between them 
is given by the equation, y =2.5x 

If x is represented as hectare along the horizontal axis and y as 
Acre along y-axis, the values are tabulated below: 


x | 0 1 2 520227 
y | 0} 25 | 5.0 | 7.5 |10... 


The ordered pairs (0,0), (1, 2.5), (2,5) etc., are plotted as points in 
the xy-plane as below and by joining the points the required graph is 
obtained: 
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F=-ŻC +32 


The values of F at C = 0 is obtained as 
F =->x 0 + 32 = 0 + 32 = 32 
Similarly, 


F= 2-х 10 + 32 = 18 + 32 = 50, 


F = 2-х 20 + 32 = 36 + 32 = 68, 


F = 2-х 100 + 32 = 180 + 32 = 212 


(ii) Now the conversion graph is Acre = zm Hectare is simplified as, 


Acre = - Несїаге We tabulate the values of C and F. 
- 0.4 Hectare (approximately) 

If Acre is measured along x-axis and hectare along y-axis then С 0° 10° 20° | 50° | 100°... 
y = 0.4х Е 32° 50° 68° | 122° | 212°... 


The ordered pairs are tabulated in the following table, 
The conversion graph of F with respect to C is shown in figure. 


x |0 1 2 us 
y | 0 | 04 | 08 | 12.. 


The corresponding ordered pairs (0, 0), (1, 0.4), (2, 0.8) etc., are 
plotted in the xy-plane, join of which will form the graph of (b)-ii as a 
conversion graph of (a)-i: 


| ¢ Ow 20 30 40 50 | 0 1 
| | 


10°= length of square 

Note from the graph that the value of C corresponding to 
(i) F=86° is C = 30? and (ii) F = 104? is C = 40°. 
(ii) Now we express C in terms of F for the conversion graph of 

C with respect to F as below: 

C= -HF - 32) 

(c) Conversion Graph of Degrees Celsius and Degrees Fahrenheit The values for F = 68° and F = 176° are 
(i) The relation between degree Celsius (C) and degree Fahrenheit (F) 
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Ca (68.- 32) - x 36 = 20° 
and 
=-2- (176 - 32) - (144) =5x 16 = 80° 


Find out at what temperature will the two readings be same? 
.е., шил 


> (+ -1)с=-з2 > Æ c=-32 2 с=—32%5 -40 
To verify at C = -40, we have 

F = r1. (-40) + 32 = 9(-8) + 32 = -72 +32 = -40? 
(d) Conversion Graph of US and Pakistani Currency 


The Daily News, on a particular day informed the conversion rate 
of Pakistani currency to the US$ currency as, 


1 US$ = 66.46 Rupees 
If the Pakistani currency y is an expression of US$ x, expressed 
under the rule 
y = 66.46x = 66x (approximately) 
then draw the conversion graph. 
We tabulate the values as below. 

x 1 2 3 4 ... 
y 66 132 198 | 264.. 
Plotting the points corresponding to the ordered pairs (x, y) 
from the above table and joining them provides the currency linear 

graph of rupees against dollars as shown in the figure. 


| | 
EBEN 

1111 LZ 
+} ёр 


| 
| 
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Conversion graph x = - y of y » 66x can be shown by interchanging 
x-axis to y-axis and vice versa. 


EXERCISE 8.2 


1. Draw the conversion graph between litres and gallons using the 
relation 9 litres = 2 gallons (approximately), and taking litres along 
horizontal axis and gallons along vertical axis. From the graph, 
read 
(i) the number of gallons in 18 litres 
(ii) the number of litres in 8 gallons. 

2. On 15.03.2008 the exchange rate of Pakistani currency and Saudi 
Riyal was as under: 

1 S. Riyal = 16.70 Rupees 
If Pakistani currency y is an expression of S. Riyal x, expressed 
under the rule y = 16.70x, then draw the conversion graph between 
these two currencies by taking S. Riyal along x-axis. 

3. Sketch the graph of each of the following lines. 


(а) x-3y*2-20 (b 3х-2у-1-0 (с) 2у-х-2-0 
(d у-2х-0 (e) Зу-1=0 (0 y+3x=0 
(g) 2x+6=0 
4. Draw the graph for following relations. 
(i) One mile -1.6km (ii) One Acre = 0.4 Hectare 
(iii) Е= C+32 (iv) One Rupee = ge $ 


8.3 Graphical Solution of Linear Equations in 
two Variables 
We solve here simultaneous linear equations in two variables by 
graphical method. 
Let the system of equations be, 
2x-y73, |  ... (i) 
X355. 24 (ii) 
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Table of Values x 3 
y=x-2 


y=2x-3 ys-lx*1 ун 3 
х|..0 |3З.. х|..0 |2... 
AJ sel |15... х|..0 |3 |.. y ..1.5\0.. у|..—2|0.. 
y|..-3] 0... yl. 1 | 0 
The points Р(0, 1-5) and Q(3, 0) of equation (i) are plotted in the 
By plotting the points, we get the following graph. plane and the corresponding line £ x + 2y = 3 is traced by joining P 


апа О. 

Similarly, the line ¢ x — y = 2 of (ii) is obtained by plotting the 
points Р(0, -2) апа О(2, 0) in the plane and joining them to trace the 
line 4 as below: 


The solution of the system is the point R where the lines ¢ and ¢ 


meet at, i.e., R(1-7, 0-4) such that x = 1.7 апау = 0-4. 
The common point S(2.3, 0.3) on both the lines e and 15 the 


required solution of the system. 
Solve graphically, the following linear system of two equations 
in two variables x and y; 


X-y72. ... (ii) Solve the following pair of equations in x and y graphically. 


1. x+y=Oand2x-y+3=0 2. x-y+1=Oandx-2y=-1 
The equations (i) and (ii) are represented graphically with the 3. 2x*y-0andx-*2y-2 4. х+у-1= 0 апах-у+1= 0 
help of their points of intersection with the coordinate axes of the 5. 2x*y-1-20andx--y 
same co-ordinate plane. 
The points of intersections of the lines representing equation (i) 


and (ii) are given in the following table: 
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REVIEW EXERCISE 8 


Choose the correct answer. 


Identify the following statements as True or False. 


(i) ^ The point O(0, O) is in quadrant ll. .  ...... 
(1) The point P(2, 0) lies on x-axis.  ...... 

(iii) The graph of x = -2 is averticalline. ...... 
(iv) 3-y70is a horizontal line....... 

(v) The point Q(-1, 2) is in quadrant 111. _...... 
(vi) The point R(-1, -2)is in quadrant IV.  ...... 
(vii) у= хіѕа іпе on which origin lies. ...... 

(viii) The point P(1, 1) lies on the line x + y = 0. 
(ix) The point S(1, —3) lies in quadrant 111. ...... 
(x) The point R(O, 1) lies on the x-axis. 

Draw the following points on the graph paper. 
(-3, –3), (-6, 4), (4, —5), (5, 3) 

Draw the graph of the following 

(i) x=-6 (ii) y=7 


(iii) x= 


м | сл 


m y-- 


(уу) y=4x (vi) y=-2x+1 

Draw the following graph. 

(i) y=062x (i) y=2.5x 

Solve the following equations graphically. 


- 21 

(i) х-у= 1, ыас 

(i) х= 3y, 2x - 3y - -6 
(ii) (x+y)=2, 56 -y)--1 
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SUMMARY 


An ordered pair is a pair of elements in which elements are written 
in specific order. 

The plane framed by two straight lines perpendicular to each other 
is called cartesian plane and the lines are called coordinate axes. 
The point of intersection of two coordinate axes is called origin. 
There is a one-to-one correspondence between ordered pair and a 
point in Cartesian plane and vice versa. 

Cartesian plane is also known as coordinate plane. 

Cartesian plane is divided into four quadrants. 

The x-coordinate of a point is called abcissa and y-coordinate is 
called ordinate. 

The set of points which lie on the same line are called collinear 
points. 
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INTRODUCTION TO 
COORDINATE GEOMETRY 


Animation 9.1: Algebraic Manipulation 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 

* Define coordinate geometry. 

e Derive distance formula to calculate distance between two points 
given in Cartesian plane. 

* Use distance formula to find distance between two given points. 

* Define collinear points. Distinguish between collinear and 
non-collinear points. 

* Usedistance formula to show that given three (or more) points are 
collinear. 

* Use distance formula to show that the given three non-collinear 
points form 
* anequilateral triangle, 
* anisosceles triangle, 
* aright angled triangle, 
* ascalene triangle. 

* Use distance formula to show that given four non-collinear points 
form 
* asquare, 
* arectangle, 
* aparallelogram. 

* Recognize the formula to find the midpoint of the line joining two 
given points. 

* Apply distance and mid point formulae to solve/verify different 
standard results related to geometry. 


9.1 Distance Formula 
9.1.1 Coordinate Geomety 

The study of geometrical shapes in a plane is called plane 
geometry. Coordinate geometry is the study of geometrical shapes 


in the Cartesian plane (coordinate plane). We know that a plane is 
divided into four quadrants by two perpendicular lines called the 


Ө 


eLearn.Punjab 


9. Introduction to Coordinate Geometry 


axes intersecting at origin. We have also seen that there is one to one 
correspondence between the points of the plane and the ordered 
pairs in R X R. 


9.1.2 Finding Distance between two points 


Let P(x,, y,) and Q(x,, y;) be 
two points in the coordinate 
plane where d is the length of the 
line segment РО. і.е. ,|РО | =d. 

The line segments МО and LP 
parallel to y-axis meet x-axis at 
points M and L, respectively with 
coordinates M(x,, 0) and L(x,, 0). 

The line-segment PN is parallel 
to x-axis. 

In the right triangle PNQ, 

INQ] = |у,-у,| and [РМ = |х, - x, 

Using Pythagoras Theorem 


L(x,,0) 
х 


М(х›,0) X 


X) — 


(PQ)? = (РМ) + (QN? 
=> d’ elx; -Х| + |у, =y 


> d’ =+\/х, -x[ +|у, -yl 


2 " 
, Since d » 0 always. 


| 2 


Thus d = pa -xl + |у, – у, 


9.1.3 Use of Distance Formula 


The use of distance formula is explained in the following 
examples. 


Example 1 
Using the distance formula, find the distance between the 


(3) 


points. 
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(i) P(1, 2) and Q(0, 3) (ii)  S(-1, 3) and R(3, -2) 
(iii) U(0, 2) and V(-3, 0) (ivy) P'(1, 1) and Q'(2, 2) 


Solution 


() IPQ] = 0- 12+ (3—2)? 
Ka TET =\/2 


(i) [SR] = .J(3- CY + C2 -3} 


JG + 19 «C5» =[16 + 25 = [41 
(iii) [UV] = \(-3— 0)2+ (0-2) 
-Ч(-3рь(-2Р = {9+4 ={13 
(iv) |РО|--(2-194(2-19 
-4ї 15472) 


EXERCISE 9.1 


1. Find the distance between the following pairs of points. 


(a А(9, 2), B(7, 2) (b) А(2, —6), B(3, –6) 
(c) A(-8, 1), B(6, 1) (d)  A(-4, 42), B(-4, -3), 
(e А(3, –11), B(3, -4) (f) A(0, 0), B(0, —5) 


2. Let P bethe point on x-axis with x-coordiante a and Q be the point 
on y-axis with y-coordinate b as given below. Find the distance 
between P and Q. 


(i) а-9,0-7 (i) a=2,b=3 (1) a=-8,b=6 
(i) a=-2,b=-3 (v a-42,b-1 (v) a=-9,b=-4 


о 
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9.2 Collinear Points 
9.2.1 Collinear or Non-collinear Points in the Plane 


Two or more than two points which lie on the same straight 
line are called collinear points with respect to that line; otherwise they 
are called non-collinear. 

Let m be a line, then all the points on line m are collinear. 
In the given figure, the points P and О are collinear with respect 
to the line m and the points P and Rare not collinear with respect to it. 


9.2.2 Use of Distance Formula to show the Collinearity of 
Three or more Points in the Plane 


Let P, Q and R be three points in the plane. They are called 


collinear if IPQ|- |QR|- РКІ, otherwise will be non colliner. 


Example 
Using distance formula show that the points 
(i) P(-2, –1), Q(0, 3) and R(1, 5) are collinear. 
(ii) The above points P, Q, R and S(1, -1) are not collinear. 


Solution 
(i) By using the distance formula, we find 
ІРОІ = \/ (0 + 27 + (3 + 1) = N4 + 16 = 420 = 245 


[ 2 7 i r- 
IQRI =\ (1 – 0) + (5 – 3) = 1+4=5 


and IPRI=\V(1 + 2) + (5 + 1) = 49 + 36 = 445 = 35 


Since IPQI + ЮК! = 24/5 + 4/5 = 34/5 = IPRI, 


©) 
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therefore, the points P, Q and R are collinear 


НІ Г 2 2 | ? 
(ii) IPSI2N (22-1) + (-1 + 1) 5103) +0 = 3 


Since 1051= 4/(1—0)y + (—1— 3) 2 4f1 + 16 = 4/17, 


and |РО| + [QS] # |PS|, 
therefore the points P, Q and S are not collinear and hence, the 
points P, Q, R and S are also not collinear. 
A closed figure in a plane obtained by joining three non-collinear 
points is called a triangle. 
In the triangle ABC the 


non-collinear points A, B and C are 

the three vertices of the triangle ao 
Triangle 

ABC. The line segments AB, BC and А 


СА are called sides of the triangle. 


9.2.3 Use of Distance Formula to Different Shapes of a 
Triangle 


We expand the idea of a triangle to its different kinds depending 
on the length of the three sides of the triangle as: 
(i) Equilateral triangle (iii) Isosceles triangle 
(ii) Right angled triangle (ім) Scalene triangle 
We discuss the triangles (i) to (iv) in order. 


(i) Equilateral Triangle 
If the lengths of all the three sides of a triangle are same, then the 
triangle is called an equilateral triangle. 


Example 
The triangle OPQ is an equilateral triangle since the points O(0, 0), 


45 


=. ( 4 | 
P| 50 | and ANEN) are not collinear, where 


©) 
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and 


1 
i.e., JOP] = |QO| = |PQ| = JA a real number and the points O(0, 0), 


2 , 


2-3 
fs | Р | 
Q | LES ~= | and P | 5:0 lare not collinear. Hence the triangle OPQ is 
(242 242) N2 J 
equilateral. 


(ii) An Isosceles Triangle 
An isosceles triangle PQR is a triangle which has two of its sides 
with equal length while the third side has a different length. 


Example 
The triangle PQR is an isosceles triangle as for the non-collinear 
points P(-1, 0), Q(1, 0) and R (0, 1) shown in the following figure, 


Q 
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adio 


Р9|= J(1- (-DY + (0-0)? = +1)? +0 =V4 =2 
IQR|» 400-1) + (1-0) = (71! +P 241412 V2 
РВ|-4/0-(-0/-0-0) 24112 V2 


Since ОВ|-РВ|-42 and РО|=2= V2 so the non-collinear 
points P, Q, R form an isosceles triangle PQR. 


A triangle in which one of the angles has measure equal to 90° 
is called a right angle triangle. 


Let O(0, 0), Р(-3, 0) and О(0, 2) be three non-collinear points. 
Verify that triangle OPQ is right-angled. 


О0|-4/0-0) + (2-0) = V2? =2 In right angle triangle ABC 

AB |2= |BC|? + | CA]? 
loP| = J(-3) +0? = /9 =3 |AB|?- |BC|? + |CA| 
РО|-4/(3) +2)? = V9 +4 = (13 
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Visual proof of pythagoras’ therom 


Pythagoras’ 
Birth c. 580 BC - 572 BC 
Death c.500 BC - 490 BC 


Here 1.5 square block 
= 1 unit length 


Now |OQ[ +|ОР| = 2) + (3 213 апа PQF =13 


Since [OQ] +|ОР| -РОГ, therefore ZPOQ - 90 
Hence the given non-collinear points form a right triangle. 


A triangle is called a scalene triangle if measures of all the three 
sides are different. 


Show that the points P(1, 2), Q(-2, 1) and R(2, 1) in the plane form 
a scalene triangle. 


! 3 > [ 5 - Эн 
ІРОІ -N (22-1 + 122) 2NC3Y + (1) 2N9 + 1 210 
rs m= Гэ 
IQRI (2 + 2) 4(1-1) 2N4^ + 0 =V 4 = 4 
and ЇРЕ|-412-1/ + (1-2) = 1? + C1! -4/12-17-12 
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Hence |PQ| = 10, |QR| = дапа |PR| = 4/2 
The points P, Q and R are non-collinear since, 
Thus the given points form a scalene triangle. 


PR 


9.2.4 Use of distance formula to show that four non- 
collinear points form a square, a rectangle and a 
parallelogram 


We recognize these three figures as below 


SQUARE RECTANGLE PARALLELOGRAM 


(a) Using Distance Formula to show that given four Non-Collinear 
Points form a Square 

A square is a closed figure in the plane formed by four 
non-collinear points such that lengths of all sides are equal and 
measure of each angle is 90°. 


Example 
If A(2, 2), B(2, –2), C(-2, -2) and D (-2, 2) be four non-collinear 
points in the plane, then verify that they form a square ABCD. 


Solution 


АВ! e -2y 4 2-2 = V0" + cay =/16 =4 
IBC] -4/72—2y «C2 +2) = C74» + 0? = 416 =4 
ICD -4|-2-0-2) + Q - 22) 

- [2 +2) + (2 + 2y = 0 + 16 =16=4 


lo +2)? + (2-29 [An y 
IDA] =\(2 + 2) + (2-2) = (+4) +0 = 3\16 = 4, 
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HNHH 
РК 


аш SNL 


EH Y 
600 
Hence АВ = ВС = CD = DA = A. 


Also | AC| -/[- 2 - 2e + -2- 2? =| C 42 + (— 4)? = \ 16 + 16 = {32 
= 42 

Now |AB|? + |BC|? = |AC|?, therefore z ABC = 90? 

Hence the given four non collinear points form a square. 


(b) Using Distance Formula to show that given four Non-Collinear 
Points form a Rectangle 

A figure formed in the plane by four non-collinear points is called 
a rectangle if, 
(i) its opposite sides are equal in length; 
(1) the angle at each vertex is of measure 90°. 


Example 
Show that the points A(-2, 0), B(-2, 3), C(2, 3) and D(2, 0) form a 


rectangle. 


Solution 
Using distance formula, 


|AB| = 


IDC] = (2-2) + (3 – 0) -40-9-19-3 


© 


IAD] = 4l +2) -(0-0Y = ¥16+0=4 


IBC| = jo +2) + (3 – 3)2= 416 +0=V16=4 


Since |AB| = |DC| 3 апа |AD| =|BC| =4, 
therefore, opposite sides are equal. 


Also |АС| = 30+ 2) + (3-0) = 3/16 +9 = 4/2575 By distance formula, 

Now |AD| +|DC| = (4)° + (3) = 25, and =|АС| =(5)* = 25 |AB|- J(2 + 2)? + (1-1) = V4? +0 =/16=4 
Since |AD| --|DC| =|АС|, CD| - JG--D? + 3-3) = 42 «0 - V6 -4 
therefore mZADC = 90° AD] = (1+ 2y + (3-1? - JP +2? =Vit4 - Js 


Hence the given points form a rectangle. 
внер : Bc|- 48-2) - (8-1? 2c» - 5 


Since |AB| - |CD|- 4 and |AD|=|BC|= v5 
Hence the given points form a parallelogram. 


A figure formed by four non-collinear points in the plane is called 


a parallelogram if 
(i) its opposite sides are of equal length 1. Show whether the points with vertices (5, -2), (5, 4) and (-4, 1) are 


(ii) its opposite sides are parallel vertices of an equilateral triangle or an isosceles triangle? 
2. Show whether or not the points with vertices (-1, 1), (5, 4), (2, -2) 
and (-4, 1) form a square? 
Show that the points A(-2, 1), B(2, 1), C(3, 3) and D(-1, 3) form a 3. Show whether or not the points with coordinates (1, 3), (4, 2) and 


parallelogram. 
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(-2, 6) are vertices of a right triangle? 
4. Use the distance formula to prove whether or not the points (1, 1), 
(-2, -8) and (4, 10) lie on a straight line? 


5. Find k, given that the point (2, k) is equidistant from (3, 7) and (9, 1). 


6. Use distance formula to verify that the points A(0, 7), B(3, -5), 
C(-2, 15) are collinear. 2 = 

7. Verify whether or not the points O(0, 0), A/3, 1), B3 , -1) are 
vertices of an equilateral triangle. 

8. Show that the points A(-6, -5), B(5, -5), C(5, -8) and D(-6, -8) are 
vertices of a rectangle. Find the lengths of its diagonals. Are they 
equal? 

9. Show that the points M(-1, 4), N(-5, 3), P(1 -3) and Q(5, -2) are the 
vertices of a parallelogram. 

10. Find the length of the diameter of the circle having centre at 
C(-3, 6) and passing through P(1, 3). 


9.3 Mid-Point Formula 
9.3.1 Recognition of the Mid-Point 


Let P(-2, 0) and Q(2, 0) be 
two points on the x-axis. Then 
the origin O(0, 0) is the mid point 
of P and Q, since |OP| = 
[ОО | and the points P, O and Q 
are collinear. 

Similarly the origin is the mid- 
point of the points P.(0, 3) and 
Q,(0, -3) since |ОР, | =3 = |09 | 
and the points P,, O and Q, are 
collinear. 
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Recognition of the Mid-Point Formula for any two Points in the 
Plane 


Let P1(x,, y.) and Р.(х,, у,) be any two points in the plane and 
R(x, y) be a mid-point of points P, and P, on the line-segment P,P, as 
shown in the figure below. 


If line-segment MN, parallel to x-axis, has its mid-point R(x, y), 
then, x; - x -x- x, 
х,+Х 
2х = 


= =X tX, = х= EET E 
Similarly, y= У, +, 
2 
KX + 
Thus the point R(x, y) = (s: ; ^ 23 is the mid-point of the 


points Р(х, y,) and P(x, y). 


9.3.2 Verification of the Mid-PointFormula 


BM | ,| 119 


ЇР|К Ne pn] 
Reap (555) 


@) 
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— 


-3N 02-3) + (-») 12 Р 


Хх] + X5 мэ» 


(5 


He Ху ғ 0 — ex) TX -— 2x7 \2 
+ 


and |P5RI = -=X j ME "3 | 


р уу У2-2У20 


9 


Af aza) [21-22 р 
N x, —x ( yo — y 
NV Sa += aj 


Tes + (yo — уу) 


= |P,R| = [РКІ -5 |P P, | 


X, tx, y *y 
Thus it verifies that R ( 2 s 2 ^ is the mid-point of the 


line segment Р.БР, which lies on the line segment since, 
|Р,В| + Р, = | P;P;] 


If P(x, y,) and Q(x, y;) are two points in the plane, 
then the mid-point R(x, y) of the line segment PQ is 


хө. el 


Example 1 


Find the mid-point of the line segment joining A(2, 5) and B(-1, 1). 


Solution 
If R(x, y) is the desired mid-point then, 


Seq c 
2 2 


Hence R(x,y) = К С 3) 


and y= 


X= 
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Example 2 
Let P(2, 3) and Q(x, y) be two points in the plane such that R(1, -1) 


is the mid-point of the points P and Q. Find x and y. 


Solution 
Since R(1, -1) is the mid point of P(2, 3) and Q(x, y) then 


(22312. and Еш А 
2 2 
> 25 х+2 > 2= у+3 
> x= 0 => у= = 
Example 3 


Let ABC be a triangle as shown below. If M,, M, and M, are the 
middle points of the line-segments AB, BC and CA respectively, find the 
coordinates of M, M, and М,, Also determine the type of the triangle 


M,M,M,. 


Solution 345 248 
Vid - point of AB = M 2 1 2 ) = M,(1, 5) 
| | 5+5 8-42 
Mid - point of BC = M, 2 ; 2 = M,(5, 5) 
В(5, 8) 
M, м, 
A(-3, 2) M3 С(5, 2) 
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22 
and Mid - point of AC = M, Э ; 2 = M,(1, 2) 
The triangle М,М,М, has sides with length, 


| М,М,| 25-1? «(5-59 -4/ 240 =4 Ай) 


| М.М,| = 41-58 4(2-59 -AC4y «C 3X 


-416-9 -4/25 = 5 ....(И) 


and |M,M,| = (1-1? + (2-5) = Jo?« C3 =3 (iii) 
All the lengths of the three sides are different. Hence the triangle 
М,М,М, is a Scalene triangle 


Example 4 
Let O(0, 0), A(3, 0) and B(3, 5) be three points in the plane. If M, is 


the mid point of AB and M, of OB, then show that Мм, |= OA. 
Solution 
By the distance formula the distance 


|OA| = JG - 0 + (0 - 0) "Bs = 3 
The mid-point of AB is 


pun S. sa. s) 
2 2 2 

"m — 340 а Е 5) 
Now the mid - point of OB is М,- м 2230. 5 = S 5 
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| -3 \ 2 l9 3 | 
| — | +0 24740 = — = – ЮА! 
12 у 4 2 2 


| \ 


Let P(x, у) and Q(x,, y,) be any two points and their midpoint be 


Me OF ie ee 
ІМЏМЫ = | : -3 | + | T | =. 


mece ts) menu 
2 2 

(i) is at equal distance from P and Q 
i.e., РМ = МО 

(ii) is an interior point of the line segment PQ. 

(iii) every point R in the plane at equal distance from P and Q is not 
their mid-point. For example, the point R(O, 1) is at equal distance 
from P(-3, 0) and Q(3, 0) but is not their mid-point 


ie. |ВО| af (0-32 (1-0? e 32 «0» 5/941-4Л0 
|ЕР| «/(0-39 «(1-0 af 341 [10 

and mid-point of P(-3, 0) and Q(3, 0) is (x, y) 

Wheres- =. -0 andy- = 


The point (0, 1) # (0, 0) 
(iv) There is a unique midpoint of any two points in the plane. 


= 0. 


EXERCISE 9.3 


1. Find the mid-point of the line segment joining each of the following 
pairs of points 


(a) A(9, 2), В(7, 2) (b А(2, -6), B(3, -6) 
(c)  A(-8, 1), B(6, 1) (d) А(-4, 9), B(-4, -3), 
(e) A(3,-11), B(3, -4) (f) A(0, 0), B(0, -5) 


2. The end point P of a line segment PQ is (-3, 6) and its mid-point is 
(5, 8). Find the coordinates of the end point Q. 

3. Prove that mid-point of the hypotenuse of a right triangle is 
equidistant from its three vertices P(-2, 5), Q(1, 3) and R(-1, 0). 
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4. If O(0, 0), A(3, 0) and B(3, 5) are three points in the plane, find M, and 
M, as mid-points of the line segments AB and OB respectively. Find 
ММ, |. 

5. Show that the diagonals of the parallelogram having vertices A(1, 2), 
B(4, 2), C(-1, -3) and D(-4, -3) bisect each other. 

[Hint: The mid-points of the diagonals coincide] 

6. The vertices of a triangle are P(4, 6), Q(-2, -4) and R(-8, 2). Show 
that the length of the line segment joining the mid-points of the line 
segments PR, OR is 5- PQ. 


REVIEW EXERCISE 9 


1. Choose the correct answer. 


2. Answer the following, which is true and which is false. 


(i) Aline has two end points. 

(ii) Aline segment has one end point. 

(iii) A triangle is formed by three collinear points. 

(iv) Each side of a triangle has two collinear vertices. 

(v) The end points of each side of a rectangle are collinear. 

(vi) All the points that lie on the x-axis are collinear. 

(vii) Origin is the only point collinear with the points of both the 
axes separately. 


3. Find the distance between the following pairs of points. 
( (6, 3), (3,-3) (1) (7,5),(1,=1) (ili) ^ (0,0), (-4, -3) 
4. Find the mid-point between following pairs of points. 


(i) (6,6), (4, -2) (ii) (-5,-7), (7, -5) (iii) (8, 0), (0, -12) 
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Define the following: 


(i) Co-ordinate Geometry (іі) Collinear Points 

(iii) Non-collinear (iv) Equilateral Triangle 

(v) Scalene Triangle (vi) Isosceles Triangle 

(vii) Right Triangle (viii) Square 
SUMMARY 


If P(x, y,) and Q(x, у,) are two points and d is the distance between 
them, then 

d= |х, - x, l** ly - y, 
The concept of non-collinearity supports formation of the three- 
sided and four-sided shapes of the geometrical figures. 
The points P, О and Rare collinear if |РО | + |QR| = |PR| 
The three points P, Q and R form a triangle if and only if they are 
non-collinear i.e., |РО| + |QR| > |PR| 
If |РО| + |QR| < |PR|, then no unique triangle can be formed by 
the points P, Q and R. 
Different forms of a triangle i.e., equilateral, isosceles, right angled 
and scalene are discussed in this unit. 
Similarly, the four-sided figures, square, rectangle and parallelogram 
are also discussed. 
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Take free online courses 
from the world's best 
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Introduction to Geometry 

Measure angles, prove geometrictheorems, and 
discover how to calculate areas and volumes in 
this interactive course! 


About this Course: 

More than 2000 years ago, long before rockets were 
launched into orbit or explorers sailed around the globe, 
a Greek mathematician measured the size of the Earth 
using nothing more than a few facts about lines, angles, 
and circles. This course will start at the very beginnings of 
geometry, answering questions like "How big is an angle?" 
and "What are parallel lines?" and proceed up through 
advanced theorems and proofs about 2D and 3D shapes. 
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Students Learning Outcomes 

After studying this unit, the students will be able to: 

* Prove that in any correspondence of two triangles, if one side and 
any two angles of one triangle are congruent to the corresponding 
side and angles of the other, then the triangles are congruent. 

* Prove that if two angles of a triangle are congruent, then the sides 
opposite to them are also congruent. 

* Prove that in a correspondence of two triangles, if three sides of 
one triangle are congruent to the corresponding three sides of the 
other, the two triangles are congruent. 

* Provethatifinthe correspondence oftwo right-angled triangles, the 
hypotenuse and one side of one are congruent to the hypotenuses 
and the corresponding side of the other, then the triangles are 
congruent. 


10.1. Congruent Triangles 


Introduction 

In this unit before proving the theorems, we will explain 
what is meant by 1-1 correspondence (the symbol used for 1-1 
correspondence is < and congruency of triangles. We shall also 
state S.A.S. postulate. 


A D 
Z A 


Let there be two triangles ABC and DEF. Out of the total six 
(1 — 1) correspondences that can be established between AABC and 
ADEF, one of the choices is explained below. 
In the correspondence AABC <—> ADEF it means 


ZA < ZD (ZA corresponds to ZD) 
ZB <> ZE (ZB corresponds to ZE) 
ZC — ZF (ZC corresponds to АР) 


@ 
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(AB corresponds to DE) 
(BC corresponds to EF) 
(CA corresponds to FD) 


AB «— DE 
BC <> EF 
CA <> FD 


Congruency of Triangles 

Two triangles are said to be congruent written symbolically as, 
~, if there exists a correspondence between them such that all the 
corresponding sides and angles are congruent i.e., 


АВ = DE " ZA = ZD 
If<~ ВС= EF and ZB = ZE 
СА = FD _ £C = ZF 


then AABC = ADEF 


A D 
A Ӱ S/N, 
Note: 


(i) These triangles are congruent w.r.t. the above mentioned 
choice of the (1 — 1) correspondence. 

(1) AABC = AABC 

(iii) AABC = ADEF<>ADEF = AABC 

(iv) If AABC = ADEF and AABC = APQR, then ADEF = APQR. 

In any correspondence of two triangles, if two sides and their 
included angle of one triangle are congruent to the corresponding 
two sides and their included angle of the other, then the triangles 
are congruent. 

In AABC < ADEF, shown in the following figure, 


R 


(^ 
A D 
Meses C ч. 
| _ 2 B C E F 
« AC= DF 


(3) 
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then AABC = ADEF (S.A.S. Postulate) 


Theorem 10.1.1 

In any correspondence of two triangles, if one side and any 
two angles of one triangle are congruent to the corresponding 
side and angles of the other, then the triangles are congruent. 
(A.S.A. = A.S.A.) 


A 


B С E F 


Given 
In AABC <> ADEF 


“В = ZE, BC = EF. ZC = ZF. 


To Prove 
AABC = ADEF 


Construction — 2 шиг 
Suppose АВ # DE, take a point M on DE such that AB = ME. Join M 
to F 


Proof 


| — Statements | | Reasons 


In AABC «> AMEF 

Construction 

Given 

Given 

S.A.S. postulate 
(Corresponding angles 
of congruent triangles) 


г. AABC = AMEF 
So, ZC = ZMFE 
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But, <C = ZDFE Given 

- ZDFE = “МЕЕ Both congruent to ZC 

This is possible only if D and 

M are the same points, and 

ME = DE 

So, АВ = БЕ (iv) | AB = ME (construction) and 


Thus from (ii), (iii) and (iv), we | ME = DE (proved) 
have 
AABC z ADEF 


S.A.S. postulate 


Corollary 

In any correspondence of two triangles, if one side and any 
two angles of one triangle are congruent to the corresponding 
side and angles of the other, then the triangles are congruent. 
(S.A.A. = S.A.A.) 


Given 
In AABC <> ADEF 
BC=EF, ZAzZD, ZB2ZE 


A D 


To Prove 
AABC = ADEF 
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Statements 


In AABC <> ADEF 
ZB=2ZE Given 
BC = EF Given 


ZC = ZF ZA = ZD, ZB = ZE, (Given) 


-. AABC = ADEF A.S.A. = A.S.A. 


Example 

If AABC and ADCB are on the opposite 
sides of common base BC such that 

AL 1 BC, DM 1 BC and 

AL = DM, then BC bisects AD. 


w 
a 
м 


Given 

AABC and ADCB are on the opposite P 
sides of BC such that AL L BC, DM 1 BC, AL = DM, and AD is cut by 
BC at N. 


To Prove 
AN z DN 


Proof 


Statements 


In AALN <> ADMN 
AL=DM Given 
ZALN = ZDMN 
AANL = ZDNM 
^ AALN = ADMN 
Hence AN=DN 


Each angle is right angle 
Vertical angels 

S.A.A. = S.A.A. 
Corresponding sides of = As. 
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EXERCISE 10.1 


1. In the given figure, В 
АВ = CB, 41 = 22. И 
Е 
Prove that 
AABD = ACBE. 5 
А С 


2. From a point on the bisector of an angle, perpendiculars are drawn 
to the arms of the angle. Prove that these perpendiculars are equal 
in measure. 

3. Inatriangle ABC, the bisectors of ZB and ZC meet in a point I. 
Prove that I is equidistant from the three sides of AABC. 


Theorem 10.1.2 


If two angles of a triangle are congruent, then the sides 
opposite to them are also congruent. 


Given A 
In AABC, ZB = ZC /N 
To Prove . 
AB = AC 
a Ёу 
B D C 


Construction 
Draw the bisector of ZA, meeting BC at the point D. 
Proof 


[Statements | Reasons 


In AABD -> AACD 
AD z AD Common 
ZB2 ZC Given 
ZBAD = ZCAD 
AABD = AACD 
Hence AB=AC 


Construction 
S.A.A. = S.A.A. 
(Corresponding sides of congruent 
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Example 1 


10. Congruent Triangles 


Construction 
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If one angle of a right triangle d is of 30°, the hypotenuse is twice 
as long as the side opposite to the angle. 


Given 
In AABC, mZB - 90? and A 
mZC = 30° 
D 
То Prove 00 ac AN, 
mAC = 2mAB B 


Construction 2 
At B, construct ZCBD of 30°. Let BD cut AC at the point D. 


Proof 


[Statements — | Reasons 


In AABD, mZA = 60? mZABC = 90°, mZC = 30? 
mZABD = mZABC - mzCBD 
- 60? mZABC = 90°, mZCBD = 30° 
ч“ mZADB = 60° Sum of measures of 45 of a Ais 180° 
Each of its angles is equal to 60° 
Sides of equilateral A 
ZC = ZCBD (each of 30), 


-. AABD is equilateral 
АВ ~BD~=AD 
In ABCD, BD = CD 
Thus mAC = тА” + mCD 
- mAB * mAB 
- 2(mAB) 


AD = AB and CD = BD = AB 


Example 2 
If the bisector of an angle of a triangle bisects 
the side opposite to it, the triangle is isosceles. 
Given 
In AABC, AD bisects ZA and BD = CD 
muc = 30° B D 


To Prove 
AB = AC 


Produce AD to E, and take ED = AD 
Joint C to E. 


Proof 


[ Statements — | Reasons 


In AADB < AEDC 
AD = ED Construction 
ZADB = ZEDC Vertical angles 
BD = CD Given 
AADB = AEDC S.A.S. Postulate 


AB = EC Corresponding sides of = As 


and ZBAD = ZE Corresponding angles of = As 
But ZBAD = ZCAD Given 

2 ZE z ZCAD Each = ZBAD 

In AACE, AC = EC ZE = ZCAD (proved) 

Hence АВ = АС From I and II 


EXERCISE 10.2 


1. Prove that any two medians of an equilateral triangle are equal in 
measure. 

2. Prove that a point, which is equidistant from the end points of a 
line segment, is on the right bisector of the line segment. 


Theorem 10.1.3 
In a correspondence of two triangles, if three sides of one 


triangle are congruent to the corresponding three sides of the 
other, then the two triangles are congruent (S.S.S - S.S.S). 


D 
A 
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Given 
In ДАВС «э ADEF 
AB = DE; BC = EF and СА = FD 


To Prove 
AABC = ADEF 


Construction 

Suppose that inADEF the side EF is not smaller than any of the 
remaining two sides. On EF costruct a AMEF in which, ZFEM = ZB and 
ME = AB. Join D and M. As shown in the above figures we label some 
of the angles as 1, 2, 3 and 4. 
Proof 


Statements 


In ДАВС e> АМЕР 

BC = EF Given 

ZB = ZFEM Construction 

AB = ME Construction 

AABC = AMEF S.A.S postulate 
and CA = FM (corresponding sides of congruent 
triangles) 

Also CA=FD ii) | Given 

FM = FD {From (i) and (ii)} 
In AFDM 

Z2= 24 iii FM = FD (proved) 


Similarly Z1 = Z3 
m Z2 * mZ1 = mZ4 + mZ3 | {from (iii) and (iv)) 
m ZEDF =m ZEMF 


Now, in AADB «> AEDC 
FD = FM Proved 
andm ZEDF z m ZEMF Proved 
DE = ME Each one = AB 
ADEF = AMEF S.A.S. postulate 
Also ЛАВС = AMEF Proved 
Hence AABC z ADEF Each A= AMEF (Proved) 


Corollary 

If two isosceles triangles are formed on the same side of 
their common base, the line through their vertices would be the 
right bisector of their common base. 


Given 
AABC and ADBC are formed on the same side 
of BC such that 
AB = AC, DB = DC, AD meets BC at E. 


To Prove B E C 


Proof 


Statements 


In AADBe > AADC 

АВ = АС Given 

DB =~ DC Given 

AD = AD Common 

AADB = AADC S.S.S = S.S.S. 

41:22 Corresponding angles of = As 
In ЛАВЕ <> AACE 
Alo АВ=АС Сімеп 


41:22 Proved 
AE = AE Common 


AABE = AACE S.A.S. postulate 
ВЕ =СЕ Corresponding sides of = As 
Z3 224 Corresponding sides of = As 
m Z3 + m Z4 = 180? Supplementary angles Postulate 
. mZ3=m 44 =90° From I and II 
Hence AE 1 BC 


Corollary: 
An equilateral triangle is an equiangular triangle. 


© 
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EXERCISE 10.3 


D C 
1. In the figure, AB = DC, AD = BC. 
Prove that ZA = ZC, ZABC = ZADC. 
А B 
N P 
2. In the figure, LN = MP, MN = LP. 
Prove that ZN = ZP, ZNML = ZPLM. 
L M 


3. Prove that the median bisecting the base of an isosceles triangle 
bisects the vertex angle and it is prependicular to the base. 


Theorem 10.1.4 

If in the correspondence of the two right-angled triangles, 
the hypotenuse and one side of one triangle are congruent to 
the hypotenuse and the corresponding side of the other, then 
the triangles are congruent. (H.S = H.S). 


A D 


PN М PN, 
Given 
In AABC < ADEF 
ZB = ZE (right angles) 
CA=FD , АВ-ГЕ 
To Prove 
AABC = ADEF 


Construction - 
Produce FE to a point M such that EM = BC and join the points D 


and M. 
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[ Statements — | Reasons 


mZDEF + mZDEM = 180? 
Now mZDEF = 90? 
mZDEM = 90° 

In AABC -> ADEM 
BC = EM (construction) 
ZABC = ZDEM (each Zequal to 90°) 
AB = DE (given) 
AABC = ADEM S.A.S. postulate 
and ZC = ZM (Corresponding angles of 
congruent triangles) 
CA = MD (Corresponding sides of 
2 congruent triangles) 
But CA = FD (given) 
MD = FD each is congruent to CA 
In ADMF BEEN 
ZF 2 ZM MD = FD (proved) 
But 4С = ZM (proved) 
£C= ZF (each is congruent to ZM) 
In AABC e> ADEF 
AB = DE (given) 
ZABC = ZDEF (given) 
£C= ZF (proved) 
Hence AABC = ADEF (S.A.A. = S.A.A) 


{from (i) and (ii)} 


Example 

If perpendiculars from two vertices of a triangle to the opposite 
sides are congruent, then the triangle is isosceles. 
Given A 


In AABC, BD LAC, СЕ L AB 
Such that ВО = СЕ 


To Prove 2 
AB = AC B C 


© 
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Proof 


| — Statements | | Reasons 


In ABCD < ACBE 


BD 1 АС, CE 1 AB (given) 
=> each angle = 90? 
Common hypotenuse 
BD = CE Given 

ABCD = ACBE H.S. = H.S. 

ZBCD = ZCBE Corresponding angles As 
Thus ZBCD = ZCBE 
Hence АВ = АС 


ZBCD = ZBEC 


ВС-ВС 


In ДАВС, ZBCA = ZCBA 


EXERCISE 10.4 


P 
1. In APAB of figure, PQ 1 AB and PA ~ PB, 
proved that AQ = BQ and ZAPQ = ZBPQ. 
A Q B 
D C 
2. In the figure, mZC = mZD = 90? and 
ВС = AD. Prove that AC = BD, and 
ZBAC = ZABD. 
A B 
= = D C 
3. In the figure, mZB = mZD = 90? and AD = BC. 
Prove that ABCD is a rectangle. 
A B 


2. If AABC = ALMN, then 
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REVIEW EXERCISE 10 


1. Which of the following are true and which are false? 


(i) A ray has two end points. .  .... 

(ii) In a triangle, there can be only one right angle. ...... 

(iii) Three points are said to be collinear, if they lie on same line. ... 
(iv) Two parallel lines intersect ata point. . ..... 

(v) Two lines can intersect only at one point. ...... 

(vi) Atriangle of congruent sides has non-congruent angles. ...... 


M 
C 309 
2 
609 
o 909 
0 BON ш BN 
A B L N 


(i)  mzMs........ 
(1) MZN z .............. 
(11) MZA xz .............. 


3. If AABC = ALMN, then find the unknown x. 


4. Find the value of unknowns for the 
given congruent triangles. 


B 5m—-3 D2m+6 С 
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5. If PQR = ABC, then find the unknowns. 


Q A 
N x 
р 3 cm 
4 ст y= 
5 cm BX 
2 
R 
C 
SUMMARY 


In this unit we stated and proved the following theorems: 

* |n any correspondence of two triangles, if one side and any two 
angles of one triangle are congruent to the corresponding side and 
angles of the other, the two triangles are congruent. (A.S.A = A.S.A.) 

* If two angles of a triangle are congruent, then the sides opposite to 
them are also congruent. 

* |n a correspondence of two triangles, if three sides of one triangle 
are congruent to the corresponding three sides of the other, then 
the two triangles are congruent (S.S.S = S.S.S). 

* |f in the correspondence of the two right-angled triangles, the 
hypotenuse and one side of one triangle are congruent to the 
hypotenuse and the corresponding side of the other, then the 
triangles are congruent. (H.S = H.S). 

* Two triangles are said to be congruent, if there exists a 
correspondence between them such that all the corresponding 
sides and angles are congruent. 


version: 1.1 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 

* prove that in a parallelogram 
* the opposite sides are congruent, 

* the opposite angles are congruent, 
* the diagonals bisect each other. 

* prove that if two opposite sides of a quadrilateral are congruent 
and parallel, it is a parallelogram. 

* prove that the line segment, joining the midpoints of two sides of 
a triangle, is parallel to the third side and is equal to one half of its 
length. 

* prove that the medians of a triangle are concurrent and their point 
of concurrency is the point of trisection of each median. 

* prove that if three or more parallel lines make congruent segments 
on a transversal, they also intercept congruent segments on any 
other line that cuts them. 


Introduction 

Before proceedingto provethe theorems in this unitthe students 
are advised to recall definitions of polygons like parallelogram, 
rectangle, square, rhombus, trapezium etc. and in particular triangles 
and their congruency. 


Theorem 11.1.1 D Ü 
In a parallelogram 


(i) Opposite sides are congruent. > 

(ii) Opposite angles are congruent. К / 8 
(iii) Thediagonals bisect each other. 

Given 


In a quadrilateral ABCD, AB || DC, BC || AD and the diagonals AC, BD 
meet each other at point O. 


(2) 
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To Prove 
(i) AB « DC, AD « BC 


(ii) ZADC = ZABC, ZBAD = ZBCD 
(iii) OA = OC, ОВ = OD 


Construction 
In the figure as shown, we label the angles as Z1, Z2, Z3, Z4, 
45, and Z6 


Proof 


| Statements | Reasons 


In AABD < ACDB 
24:21 alternate angles 
BD = BD Common 
Z2zz3 alternate angles 
г. AABD = ACDB A.S.A. = A.S.A. 


So, ÀB = DC, AD = BC (corresponding sides of congruent 
triangles) 

апа ZA = ZC (corresponding angles of congruent 
triangles) 


(ii) Since 
Proved 
Proved 
<< m1 +mZ2=mZ4+m<3|from (a) and (b) 
or mZADC =mZABC Proved in (i) 
ZADC = АВС 
and 
ZBAD = ZBCD 
(iii) In ABOC <> ADOA 
BC = AD Proved in (i) 
Z5zz6 vertical angles 
£3277 Proved 
ABOC = ADOA (A.A.S. = А. A. S.) 
Hence ОС = OA, OB = OD (corresponding sides of congruent 
triangles) 
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Corollary 
Each diagonal of a parallelogram bisects it into two congruent 
triangles. 


Example 
The bisectors of two angles on the same side of a parallelogram 
cut each other at right angles. 


Given D C 
A parallelogram ABCD, in which 
AB || DC, AD | BC. 
The bisectors of ZA and ZB cut 


each other at E. A B 
To Prove 
mZE = 90° 


Construction 
Name the angles 41 апа Z2 as shown in the figure. 


Proof 


[Statements — | Reasons 


mz1 --mZ2 


1 


mZ1-m BAD, 
a (mZBAD + mZABC) 2 


mZ2=m 5 АВС 


= l(1809 
2 


-900 which cuts | segments AD and 
BC are supplementary. 


Hence іп AABE, mE = 90° |mZ1 + mz2- 90? (Proved) 


Int. angles on the same side of AB 
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EXERCISE 11.1 


1. One angle of a parallelogram is 130°. Find the measures of its 
remaining angles. 

2. One exterior angle formed on producing one side of a parallelogram 
is 40°. Find the measures of its interior angles. 


Theorem 11.1.2 D C 
If two opposite sides of a 

quadrilateral are congruent and 

parallel, it is a parallelogram. va 


Given 
In a quadrilateral ABCD, 
AB = DC and ABDC 


To Prove 
ABCD is a parallelogram. 


Construction 
Join the point B to D and in the figure, name the angles as indicated: 
Z1, Z2, Z3, and Z4 

Proof 


| Statements (0 | Reasons 


In AABD < ACDB 
AB = DC, given 
42 = 21 alternate angles 
BD = BD Common 
AABD z ACDB S.A.S. postulate 
Now 44 = 43 (corresponding angles of 


2 congruent triangles) 
AD || BC ii) | from (i) 


and AD = ВС correspondingsides ofcongruent 


AS 
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Also AB || DC (iv) given 
Hence ABCD is a parallelogram | from (ii) — (iv) 


EXERCISE 11.2 


1. Prove that a quadrilateral is a parallelogram if its 
(a) opposite angles are congruent. (b) diagonals bisect each other. 
2. Prove that a quadrilateral is a parallelogram if its opposite sides 
are congruent. 


Theorem 11.1.3 


The line segment, joining the mid-points of two sides of a 
triangle, is parallel to the third side and is equal to one half of its 
length. 


Given 
In AABC, The mid-points of AB and AC are L and M respectively. 


To Prove — мэ 
LM || BC and mLM Е mBC 


Construction __ шээг 
Join M to Land produce ML to N such that ML = LN. 
Join N to B and in the figure, name the angles as 71,22 and Z3 
as shown. 


©) 
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С Statements (0 | Кеазопз 


In ABLN < AALM 
ВІ = АГ Сімеп 
41 = 22 vertical angles 
NL=ML Construction 
ABLN = AALM S.A.S. postulate 
(i) |(corresponding angles of congruent 
triangles) 
and ~ AM (ii) |(corresponding sides of congruent 
triangles) 
But NB | AM From (i), alternate 2/5 
Thus NB|MC (iii) |(M is a point of AC) 
MC = AM (iv) Given 
NB = МС (V) | {from (ii) and (iv)} 
- BCMN is a parallelogram from (iii) and (v) 


BC | LM or BC || NL (opposite sides of a parallelogram 


_|BCMN) 
(vi) (opposite sides of a parallelogram) 


(Vil) Construction 


{from (vi) and (vii)} 


Note that instead of producing ML to N, we can take N on LM produced. 


Example 
The line segments, joining the mid-points of the sides of a 


quadrilateral, taken in order, form a parallelogram. 
Given 


A quadrilateral ABCD, in which P is the 
mid-point of AB, Q is the mid-point of BC, R 
is the mid-point of CD, S is the mid-point of 
DA. 

P is joined to Q, Q is joined to R. 
R is joined to S and S is joined to С) 
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To Prove 
PQRS is a parallelogram. 


concurrency is the point of trisection of each median. 


Given 
Construction AABC 


Join A to C. 
To Prove E E 


Proof The medians of theAABC are _ чм. 
| Statements | | Reasons (000) concurrent and the point of concurrency P^7---.. Dk oe m 


In ADAC, is the point of trisection of each median. 
SRIIAC S is the midpoint of DA 
mSR = m AC } R is the midpoint of CD Construction 
E Draw two medians BE and CF of the AABC which intersect each 
In ABAC, other at G. Join A to G and produce it to point H such that AG « GH. 
PQ IAC P is the midpoint of AB Join H to the points B and C. 
mPQ = АС ! Q is the mid-point of BC AH intersects BC at the point D. 


`~ 


SR II PQ Each ПАС Proof 


In AACH, 
GE || HC G and E are mid-points of sides 
AH and AC respectively 


mSR = mPQ Each = m= AC 


ThusPQRSisaparallelogram | SR ll PQ, mSR = mPQ (proved) 


or ВЕ|НС 
EXERCISE 11.3 Similarly, CF || HB 
. BHCGis a parallelogram 
1. Prove thatthe line-segments joining the mid-points of the opposite 2 
sides of a quadrilateral bisect each other. and mGD - mGH 
2. Prove that the line-segments joining the midpoints of the opposite parallelogram BHCG intersect 
| | | each other at point D) 
sides of a rectangle are the right-bisectors of each other. BEEN 
[Hint: Diagonals of a rectangle are congruent.] BD = CD 
3. Prove that the line-segment passing through the midpoint of one AD is a meadian of AABC 
side and parallel to another side of a triangle also bisects the third Meadians AD, BE and CF pass (Gisthe intersecting point of BE 
side. through the point G and CF and AD pass through it.) 


Theorem 11.1.4 
The medians of a triangle are concurrent and their point of 


(iv) construction 
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from (iii) and (iv) 
тав =} дб 
and Gis the point of trisection of AD 


Similarly it can be proved that G 
is also the point of trisection of CF 
and BE 


EXERCISE 11.4 


1. The distances of the points of concurrency of the median of a 
triangle from its vertices are respectively 1.2 cm, 1.4 cm and 1.6 
cm. Find the lengths of its medians. 

2. Prove that the point of concurrency of the medians of a triangle 
and the triangle which is made by joining the mid-point of its sides 
is the same. 


Theorem 11.1.5 

If three or more parallel lines make congruent segments 
on a transversal, they also intercept congruent segments on any 
other line that cuts them. 


Given o 

AB II CD II EF usu 

The transversal LX intersects AB, CD and EF at the points M, N 
and P respectively, such that MN = NP. The transversal QY intersects 


them at points R, S and T 0) 


11. Parallelograms and Triangles 


To Prove 
RS = ST 


Construction 
From В, draw RU II LX, which meets CD at U. From S, draw SV Il LX 
which meets EF at V. As shown in the figure let the angles be labelled 
as 
21,22, 3 and 24 


Proof 


Statements 


MNUR is a parallelogram RU II LX (construction) 
AB |! CD (given) 
N=R i) |(opposite sides of a parallelogram) 


Similarly, 
NP =SV 
But MN = NP Given 
RU = у (from (i), (ii) and (iii)? 
each Il LX (construction) 


Also — RUIISV. 
Z1=22 Corresponding angles 

and 43:24 Corresponding angles 
In ARUS <> ASVT, 

RU = SV Proved 

41:22 Proved 

Z3z 24 Proved 

ARUS = ASVT S.A.A. = S.A.A. 
Hence А5 = 57. (corresponding sides of congruent 
triangles) 

Note: This theorem helps us in dividing line segment into parts of 
equal lengths. It is also used in the division of a line segment into 
proportional parts. 


Corollaries 
(i) A line, through the mid-point of one side, parallel to another 
side of a triangle, bisects the third side. 
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Given 2 
In AABC, D is the mid-point of AB. 
DE II BC which cuts AC at E. 


To Prove 2 
AE = EC 


Construction 2 
Through A, draw LM II BC. 


Proof 


[ Statements — | Reasons 


Intercepts cut by L 
AC are congruent. 


Intercepts cut by parallels LM, DE, 
BC on AB are congruent (given) 


i.e., AE = EC. 


(ii) The parallel line from the mid-point of one non-parallel side of a 
trapezium to the parallel sides bisects the other non-parallel 
side. 

(iii) If one side of a triangle is divided into congruent segments, the 
line drawn from the point of division parallel to the other side 
will make congruent segments on third side. 


EXERCISE 11.5 


1. Inthe given figure 
AXIIBYILCZIDUMEV. _ 
and AB = BC = CD = DE 
If mMN = 1cm, then find the length of LN 
and LQ. 


Q2) 
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. Таке a line segment of length 5.5 cm and divide 
it into five congruent parts. 

[Hint: Draw an acute angleZBAX on AX take 
AP = PQ = QR ~RS=ST. 

Join T to B. Draw lines parallel to TB from the 
points P, Q, R and S.] 


A CD EF B 


REVIEW EXERCISE 11 


1. Fill in the blanks. 


(i) In a parallelogram opposite sides are ............. 

(ii) In a parallelogram opposite angles are ............. 

(11) Diagonals of a parallelogram ............ each other at a 
point. 

(iv) Medians of a triangle are ............. 

(v) Diagonal of a parallelogram divides the parallelogram 


into two ............ triangles 
2. In parallelogram ABCD 
= 2 EN 2 i 78 
(i) MAB.......mDC (ii) mBC........ mAD 
(iii) MEI z .......... (iv) т/2=............ 
LS | 
р С 

3. Find the unknowns in the given figure. 
4. If the given figure ABCD is a 


parallelogram, then find x, m. 
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P 8 N 


V 
5. The given figure LMNP is a parallelogram. 4m+n 
. 10 
Find the value of m, n. 
I2 


&n-4n М 
6. Inthe question 5, sum of the opposite angles of the parallelogram 
is 1109, find the remaining angles. 


SUMMARY 


In this unit we discussed the following theorems and used them to 

solve some exercises. They are supplemented by unsolved exercises 

to enhance applicative skills of the students. 

* |na parallelogram 
(i) Opposite sides are congruent. 
(1) Opposite angles are congruent. 
(11) The diagonals bisect each other. 

* If two opposite sides of a quadrilateral are congruent and parallel, 
it is a parallelogram. 

* The line segment, joining the mid-points of two sides of a triangle, is 
parallel to the third side and is equal to one half of its length. 

* The medians of a triangle are concurrent and their point of 
concurrency is the point of trisection of each median. 

* |f three or more parallel lines make congruent segments on a 
transversal, they also intercept congruent segments on any other 
line that cuts them. 


version: 1.1 


LINE BISECTORS AND 
ANGLE BISECTORS 


CHAPTER 


12 


Animation 12.1: Angle- Bisectors 
Source & Credit: 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 

* Prove that any point on the right bisector of a line segment is 
equidistant from its end points. 

* Prove that any point equidistant from the end points of a line 
segment is on the right bisector of it. 

* Prove that the right bisectors of the sides of a triangle are 
concurrent. 

* Prove that any point on the bisector of an angle is equidistant 
from its arms. 

* Prove that any point inside an angle, equidistant from its arms, is 
on the bisector of it. 

* Prove that the bisectors of the angles of a triangle are concurrent. 


Introduction 

In this unit, we will prove theorems and their converses, if 
any, about right bisector of a line segment and bisector of an angle. 
But before that it will be useful to recall the following definitions: 


Right Bisector of a Line Segment 
Aline is called a right bisector of a line segment if it is perpendicular 
to the line segment and passes through its midpoint. 


Bisector of an Angle 
A ray BP is called the bisector of ZABC, if P is a point in the 
interior of the angle and mZABP = mZPBC. 


Theorem 12.1.1 
Any point on the right bisector of a line 
segment is equidistant from its end points. 


Given 
A line LM intersects the line segment AB at Y, 
the point C. Such that LM 1 AB and AC = BC. P is a point on LM. 


(2) 


12. Line Bisectors and Angle Bisectors eLearn.Punjab 


To Prove 
PA=PB 


Construction 
Join P to the points A and B. 


Proof 


Statements 


In AACP «— ABCP 
AC = BC given — 
ZACP = ZBCP given PC | AB, so that each Z at 


C = 90? 


PC = PC Common 
AACP = ABCP S.A.S. postulate 
Hence PA= PB (corresponding sides of congruent 
triangles) 


Theorem 12.1.2 

{Converse of Theorem 12.1.1} 

Any point equidistant from the end points of a line segment 
is on the right bisector of it. 


Given шиг Р 
АВ is a line segment. Point P is such that PA = PB. 


To Prove 2 
The point Р is on the right bisector of AB. A B 


Construction 
Joint P to C, the mid-point of AB. 


Proof 


In AACP «— ABCP 
PA= PB 


РС= БС 
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АС = ВС Construction 
AACP = ABCP S.S.S: = 5.5.5. 
ZACP = ZBCP (corresponding angles of 
congruent triangles) 
But mZACP + mZBCP = 180° 
mZACP = mZBCP = 90° 
i.e., PC.LAB 


Also CA=CB 

г. РС is a right bisector of AB. 

i.e., the point P is on the right bisector 
of AB. 


from (iii) and (iv) 


EXERCISE 12.1 


1. Prove that the centre of a circle is on the right bisectors of each of 
its chords. 

2. Where will be the centre of a circle passing through three non- 
collinear points? And why? 

3. Three villages P, Q and R are not on the same line. The people of 
these villages want to make a Children Park at such a place which 
is equidistant from these three villages. After fixing the place of 
Children Park, prove that the Park is equidistant from the three 
villages. 


Theorem 12.1.3 
The right bisectors of the sides of a triangle are concurrent. 


Given A 
AABC 
a 
To Prove 
The right bisectors of AB, BC and CA are , E 
concurrent. 
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Construction u Ш 
Draw the right bisectors of AB and BC which meet each other 
at the point O. Join O to A, B and C. 


Proof 
| Statements —— | Reasons 
OA = OE i) (Each point on right bisector of a 
segment is equidistant from its 
end points) 
as in (i) 
from (i) and (ii) 


CA. | (О is equidistant from А and C) 
But point O is on the right bisector 
of AB and of BC 


construction 
Hence the right bisectors of|(from (iv) and (v)) 
the three sides of a triangle are 

concurrent at O. 


Observe that 

(a) Theright bisectors of the sides of an acute triangle 
intersect each other inside the triangle. 

(b  Theright bisectors of the sides of a right triangle 
intersect each other on the hypotenuse. 

(с) The right bisectors of the sides of an obtuse triangle 
intersect each other outside the triangle. 


Theorem 12.1.4 
Any point on the bisector of an angle is equidistant from its 
arms. 
Given EN 
A point P is on OM, the bisector of ZAOB. 


To Prove - 
PQ = PRi.e., Р is equidistant from OA and ОВ. 


©) 
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Construction 
Draw PR L OA and PQ L OB 


EXERCSISE 12.2 


1. In a quadrilateral ABCD, AB = BC and the right bisectors of AD, CD 
Proof meet each other at point N. Prove that BN is a bisector of ZABC. 
Statements 2. The bisectors of ZA, ZB and ZC of a quadrilateral ABCP meet each 
In APOQ «--» APOR other at point O. Prove that the bisector of ZP will also pass through 
OP = OP common the point O 
c ARO. шини 3. Provethatthe right bisectors of congruent sides of an isoscles triangle 
ZPOQZZPOR given and its altitude are concurrent. 
AFON APOR ade RUNE | 4. Prove that the altitudes of a triangle are concurrent. 
Hence РО = РВ (corresponding sides of congruent 
triangles) Theorem 12.1.6 
The bisectors of the angles of a triangle are concurrent. 
Theorem 12.1.5 (Converse of Theorem 12.1.4) 
Any point inside an angle, equidistant from its arms, is Given 
on the bisector of it. AABC 
Given | mE To Prove 
Any point P lies inside ZAOB such that The bisectors of ZA, ZB and ZC are B 
PQ = PR, where PQ L OB and PR L OA. concurrent 
To Prove | | Construction 
орав the bisector ої ZAOB. Draw the bisectors of ZB and ZC which intersect at point I. From I, 
Construction draw IF L AB, ID 1 BC and IE 1 CA. 
Join P to O. 
Proof 
Proof 


Statements 


ID (Any point on bisector of an angle 
is equidistant from its arms) 


In APOQ < APOR 
ZPQO = ZPRO given (right angles) 
PO = РО common 
РО = PR given 


Similarly, 


D 
IE Each ID, proved. 


APOQ = APOR H.S. = H.S. 
Hence ZPOQ = ZPOR (corresponding angels of 
congruent triangles) 


So, the point | i 
ZA 


i.e. 
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Also the point / is on the bisectors 
of ZABCand ZBCA > ... (ii) Construction 
Thus the bisectors of ZA, ZB and 
ZC are concurrent at I. 


(from (i) and (10) 


Note. In practical geometry also, by constructing angle bisectors of a 
triangle, we shall verify that they are concurrent. 


EXERCISE 12.3 


1. Prove that the bisectors of the angles of base of an isoscles 
triangle intersect each other on its altitude. 

2. Prove that the bisectors of two exterior and third interior angle of 
a triangle are concurrent. 


REVIEW EXERCISE 12 


1. Which of the following are true and which are false? 
(i) Bisection means to divide into two equal parts. ...... 
(ii) Right bisection of line segment means to draw perpendicular 
which passes through the mid point. ...... 
(iii) Any point on the right bisector of a line segment is not 
equidistant from its end points. —  ..... 
(iv) Any point equidistant from the end points of a line segment is 
on the right bisector of it. ...... 
(v) The right bisectors of the sides of a triangle are not 
concurrent. ...... 
(vi) The bisectors of the angles of a triangle are concurrent. _...... 
(vii) Any point on the bisector of an angle is not equidistant from 
its arms. ...... 
(viii) Any point inside an angle, equidistant from its arms, is on the 
bisector of it. ...... 
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2. IfCDis a right bisector of line segment AB, 
then 


() тбА=........ A a B 
(ii) MAQ = ........ 6 
3. Define the following D 
(i) Bisector of a line segment 
(1)  Bisector of an angle 
A 


4. The given triangle ABC is equilateral triangle and 
AD is bisector of angle A, then find the values of A 
/ Y иш 


unknowns x, y? and 7°. 


5. Inthe given congruenttriangles LMO and LNO, 2х-6 
find the unknowns x and m. 


6. CDisright bisector of the line segment AB. 
(i) If mAB = бст, then find the тА and mLB. 
(ii) If mBD = 4cm, then find mAD. 


SUMMARY 
In this unit we stated and proved the following theorems: 


* Any point on the right bisector of a line segment is equidistant 
from its end points. 

* Any point equidistant from the end points of a line segment is on 
the right bisector of it. 

* The right bisectors of the sides of a triangle are concurrent. 

* Any point on the bisector of an angle is equidistant from its arms. 

* Any point inside an angle, equidistant from its arms, is on the 


bisector of it. 
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The bisectors of the angles of a triangle are concurrent. 

Right bisection of a line segment means to draw a perpendicular 
at the mid point of line segment. 

Bisection of an angle means to draw a ray to divide the given 
angle into two equal parts. 


version: 1.1 
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Animation 13.1: Sides and Angles of a Triangle 
Source & Credit: 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 

* prove that if two sides of a triangle are unequal in length, the longer 
side has an angle of greater measure opposite to it. 

* prove that if two angles of a triangle are unequal in measure, the 
side opposite to the greater angle is longer than the side opposite 
to the smaller angle. 

* prove that the sum of the lengths of any two sides of a triangle is 
greater than the length of the third side. 

* prove that from a point, out-side a line, the perpendicular 
is the shortest distance from the point on the line. 


Introduction 

Recall that if two sides of a triangle are equal, then the angles 
apposite to them are also equal and vice-versa. But in this unit we 
Shall study some interesting inequality relations among sides and 
angles of a triangle. 


Theorem 13.1.1 
If two sides of a triangle are unequal in length, the longer 
side has an angle of greater measure opposite to it. 


Given а 2 А 
In AABC, mAC » mAB 


To Prove 
mZABC > mZACB 


B C 


Construction 
On AC take a point D such that AD = AB. Join B to D so that AADB 
is an isosceles triangle. Label 41 and Z2 as shown іп the given figure. 


(2) 
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Statements 


In AABD 
mz1-2mz2 


In ABCD, mZACB « mZ2 

Le. mZ2»mZACB 
greater than a non-adjacent interior 
angle) 


mZABC > mZ1 »mZACB | By (iii) and (iv) 
(Transitive property of inequality of 
real numbers) 


Hence mZABC » mZACB 


Example 1 

Prove that in a scalene triangle, the angle opposite to the 
largest side is of measure greater than 60°. (i.e., two-third of a 
right-angle) 


Given A 
In ABC, mAC » mAB mAC, mAB » mBC. 


To Prove 
mZB > 60°. 


Proof 


Statements 


In AABC 
mZB > т/с mAC > тАВ (given) 
mB > mZA mAC » mBC (given) 
But mZA + mZB + mZC-7 180° ZA, ZB, ZC are the angles of A ABC 


mZB + mZB + mZB > 180° | mZB > mZC, mZB > mZA (proved) 
Hence mB > 60° 180°/3 = 60° 
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Example 2 
In a quadrilateral ABCD, AB is the longest side and CD is the 
shortest side. Prove that mZBCD > mZBAD. 


Given A 
|. In quad. ABCD, AB is the longest side and 
CD is the shortest side. D 


To Prove 
mZBCD > mZBAD 


Construction 
Joint A to C. 
Name the angles Z1, Z2, Z3 and Z4 as shown in the figure. 


Proof 


In AABC, mZ4 »Z2 
In AACD, mZ3 > 421 


тАВ > mBC (given) 
mAD > mCD (given) 
mZ4 + mZ3 > mZ2 + mZ1 |From I and II 
Hence mZBCD > mZBAD J mZ4« mzZ3- mZBCD 
-mz2 + mZ1 = mzBAD 


Theorem 13.1.2 

(Converse of Theorem 13.1.1) 

If two angles of a triangle are unequal in measure, the side 
opposite to the greater angle is longer than the side opposite to 
the smaller angle. 


Given C 
In AABC, mZA > mzB 


To Prove 
mBC » mAC A B 
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[ Statements — | Reasons 


If, mBC + mAC, then 
either (i) MBC = mAC | (Trichotomy property of real numbers) 
or (й) MBC < MAC | 
From (i) if mBC = тАС, then 
mzZA = mzB (Angles opposite to congruent sides are 
congruent) 
which is not possible. Contrary to the given. 
From (ii) if mBC « mAC, then 
mZA < mzB (The angle opposite to longer side is 
greater than angle opposite to smaller 
side) 
This is also not possible. Contrary to the given. 
mBC z mAC 
and mBC < тАС 
Thus mBC » mAC 


Trichotomy property of real numbers. 


Corollaries 

(i) | The hypotenuse of a right angled triangle is longer than each of 
the other two sides. 

(ii) In an obtuse angled triangle, the side opposite to the obtuse 
angle is longer than each of the other two sides. 


Example 2 M 

ABC is an isosceles triangle with base BC. On BC a point D is 
taken away from C. Aline segment through D cuts AC at L and AB 
at M. Prove that mAL » mAM. 


Given 

In AABC, AB =АС 

D is a point on BC away from С. 

A line segment through D cuts AC 
at L and AB at M. 
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To Prove НЫ 
mAL » mAM 


Proof 


| Statements _ | Қеаѕопѕ «— — 
AB = AC (given) 
(Z1 is an ext. Z and ZB is its 


internal opposite 2) 
From I and II 


mz1»mzB 


mz1»mzZ2 


ALCD, 
mz2»mzZ3 


(Z2 is an ext. Z and Z3 is its 
internal opposite 2) 


mz1»mz3 
But 23224 

mZ1>mzZz4 
Hence mAL > mAM 


From III and IV 

Vertical angles 

From V and VI 

In AALM, mZ1 > mZ4 (proved) 


Theorem 13.1.3 
The sum of the lengths of any two sides of a triangle is 
greater than the length of the third side. 


Given EN 
AABC са” 
З.А 
То Prove ` 
(i) mAB + mAC > mBC \ 
(1) mAB + mBC > mAC ү 
(iii) mBC + mCA > mAB B С 


Construction ES MEE 
Take a point D on CA such that AD = AB. Join B to D and 
name the angles. Z1, Z2 as shown in the given figure. 


©) 
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Statements 


In ЛАВР, 
JU] =/2 24411) AD = AB (construction) 
mZDBC > mZ1 (li) mZDBC = mZ1 + mZABC 
- mZDBC > mZ2 ... (lil) From (i) and (ii) 
In ADBC 
mCD » mBC By (iii) 
mCD = mAD + mAC 
mAD = mAB (construction) 


i.e., MAD + MAC > MBC 
Hence mAB + mAC > mBC 
Similarly, 

mAB + mBC > mAC 


and 


mBC + mCA > mAB 


Example 1 
Which of the following sets of lengths can be the lengths of 
the sides of a triangle? 
(a) 2 cm, 3 cm, 5 cm (b) 3 cm,4 cm, 5 cm, (c) 2 ст, 4ст, 7 cm, 


(а) 24355 

.. This set of lengths cannot be those of the sides of a triangle. 
(D = 3+4>5,3+5>4,4+5>3 

.. This set can form a triangle 
() > 2+4</7 

. This set of lengths cannot be the sides of a triangle. 


Example 2 

Prove that the sum of the measures of two sides of a triangle 
is greater than twice the measure of the median which bisects the 
third side. ^ 


Given 
In AABC, B C 
median AD bisects side BC at D. < / 
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To Prove 
mAB + mAC > 2mAD. 


Construction 
— шин — 
On AD take a point E, such that DE = AD. Join C to E. Name the 
angles Z1, Z2 as shown in the figure. 


Proof 
| Statements — | Reasons | | 
AABD < ЛЕСЮ 
ВО = CD Сімеп 
41 = 2 Vertical angles 
AD = ED Construction 
S.A.S. Postulate 


AABD = AECD 
AB = EC Corresponding sides of = As 


mAC + mEC > mAE ACE is a triangle 
mAC + тАВ > mAE From I and II 
Hence mAC + mAB > 2mAD mAE = 2mAD (construction) 


Example 3 
Prove that the difference of measures of two sides of a 
triangle is less than the measure of the third side. 


Given A 
AABC 
To Prove 
mAC — mAB < mBC 
mBC — mAB < mAC B C 


mBC- mAC » mAB 
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Statements 


mAB + mBC > mAC ABC is a triangle 

(MAB + mBC - mAB) Subtracting mAB from both sides 
»(mAC — mAB) 

mBC>(mAC - mAB) 


or | mAC- mAB < mBC 


Similarly 
mBC — mAB « mAC 


mBC — mAC « mAB Reason similar to I 


EXERCISE 13.1 


— 


. Two sides of a triangle measure 10 cm and 15 cm. Which of the 
following measure is possible for the third side? 
(а) 5 ст (0) 20 ст (с) 25ст (а) 30cm 
2. Oisan interior point of the AABC. Show that 
mOA + mOB + mOC >F(mAB + mBC + mCA) 
3. In the A ABC, mZB - 70? and mZC - 45*, Which of the sides of the 
triangle is longest and which is the shortest? 
4. Prove that in a right-angled triangle, the hypotenuse is longer than 
each of the other two sides. 
5. In the triangular figure, mAB > mAC. BD 
and CD are the bisectors of B and C 
respectively. Prove that mBD » mDC. 


Theorem 13.1.4 


Froma point, outside aline, the perpendicularis the shortest 
distance from the point to the line. 


Given 
A line AB and a point C (not lying on 
AB) and a point D on AB such that CD LAB. 
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To Prove (a) mPL (b) mPM (c) mNP (d) mPO 


mCD is the shortest distance form the point C to AB. 2. Inthe figure, P is any point lying away from the P 
line AB. Then mPL will be the shortest distance if 
Construction ЯН (а) MZPLA= 80° (b) mZPLB = 100? 
Take a point E on AB . Join C and E to form a ACDE. (с) mZPLA = 90° A L B 
Р 
Proof 3.  Inthe figure, PL is prependicular 
|  — Statements _ | Reason | to the line AB and mLN » mLM. 
In | ACDE Prove that mPN » mPM. 
т СОВ > mZCED (An exterior angle of a triangle is A L M NB 
greater than non adjacent interior REVIEW EXERCISE 13 
angle). 
mZCDB = mZCDE Supplement of right angle. 1. Which of the following are true and which are false? 
mZCDE > mzCED (i) | The angle opposite to the longer side is greater. ...... 
mZCED < mZCDE a>b=>b<a (ii) In a right-angled triangle greater angle is of 60°. ...... 
mCD « mCE Side opposite to greater angle is (iii) In an isosceles right-angled triangle, angles other than right 
с greater. angle are each of 45°. .... 
But E is any point on AB (iv) Atriangle having two congruent sides is called equilateral 
Hence mCD is the shortest triangle. ...... 
distance from C to AB. (у) Aperpendicular from a point to line is shortest distance. 
(vi) Perpendicular to line form an angle of 90°. ...... 
Note: (vii) A point out side the line is collinear. ...... 
(i) ^ The distance between a line and a point not on it, is the length (viii) Sum of two sides of triangle is greater than the third. ...... 
of the perpendicular line segment from the point to the line. (іх) The distance between a line and a point оп it is zero. ...... 
(1) ^ The distance between a line and a point lying оп it is zero. (x) Triangle can be formed of lengths 2 cm, З cm and 5 cm. ... 
2. What will be angle for shortest distance from an outside point to 
EXERCISE 13.2 the line? 
3. If 13 cm, 12 cm, and 5 cm are the lengths of a triangle, then verify 
1.  Inthefigure, Pis any point and AB is a line. Which ofthe following that difference of measures of any two sides of a triangle is less 
is the shortest distance between the point P and the line AB? than the measure of the third side. 


4. If 10 cm, 6 cm and 8 cm are the lengths of a triangle, then verify 
that sum of measures of two sides of a triangle is greater than the 
third side. 

5. 3 cm, 4 cm and 7 cm are not the lengths of the triangle. Give the 


reason. 
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6. If 3 cm and 4 cm are lengths of two sides of a right angle triangle, 
then what should be the third length of the triangle. 


SUMMARY 


In this unit we stated and proved the following theorems: 

* |ftwo sides of a triangle are unequal in length, the longer side has 
an angle of greater measure opposite to it. 

e Iftwoangles of atriangle are unequal in measure, the side opposite 
to the greater angle is longer than the side opposite to the smaller 
angle. 

* The sum of the lengths of any two sides of a triangle is greater 
than the length of the third side. 

* From a point, outside a line, the perpendicular is the shortest 
distance from the point to the line. 
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Animation 14.1: Ratio and Proportion 
Source & Credit: 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 

* prove that a line parallel to one side of a triangle, intersecting the 
other two sides, divides them proportionally. 

* prove that if a line segment intersects the two sides of a triangle 
in the same ratio, then it is parallel to the third side. 

* prove that the internal bisector of an angle of a triangle divides 
the side opposite to it in the ratio of the lengths of the sides 
containing the angle. 

* prove that if two triangles are similar, the measures of their 
corresponding sides are proportional 


Introduction 

In this unit we will prove some theorems and corollaries 
involving ratio and proportions of sides of triangle and similarity of 
triangles. Aknowledgeofratioand proportionisnecessaryrequirement 
of many occupations like food service occupation, medications in 
health, preparing maps for land survey and construction works, profit 
to cost ratios etc. 

Recall that we defined ratio a: b = 7 as the comparison of 
two alike quantities a and b, called the elements (terms) of a ratio. 
(Elements must be expressed in the same units). Equality of two ratios 
was defined as proportion. 

That is, if a: b = c: d, then a, b, c and d are said to be in 
proportion. 


Similar Triangles 

Equally important are the similar shapes. In particular the similar 
triangles that have many practical applications. For example, we know 
that a photographer can develop prints of different sizes from the 
same negative. In spite of the difference in sizes, these pictures look 
like each other. One photograph is simply an enlargement of another. 
They are said to be similar in shape. Geometrical figures can also be 


similar. e.g., If 
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In — AABC < ADEF 


mAB _ mBC . 


3 
Q| 
> 


ДА = ZD, ZB2 ZE, /С= ZF, and 


mDE mË 


D 
A 
IX. 
E F 


then AABC and ADEF are called similar triangles which is symbolically 
written as 
AABC ~ADEF 
It means that corresponding angles of similar triangles are equal 
and measures of their corresponding sides are proportional. 
APQR = ALMN means that in 


= 
E 
О 


APQR <—> ALMN 

EP xEZL. “О = ZM, 

АК = ZN, РО = 1М, 

QR=MN, RP = NL 
Now ag ПРО. MOR _ mRP _ 
OW as ММ. mMN ^ mNL ^| 

P L 
Q R M N 


In other words, two congruent triangles are similar also. But two 
similar triangles are not necessarily congruent, as congruence of their 
corresponding sides is not necessary. 


Theorem 14.1.1 

A line parallel to one side of a 
triangle and intersecting the other 
two sides divides them proportionally. 


ok 
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Given 
In AABC, the line 615 intersecting the sides AC and AB at points E 
and D respectively such that ED || CB. 


To Prove НЫ 

mAD : mDB = MAE : mEC 
Construction 

Join B to E and C to D. From D draw DM LAC and from E draw 
EL LAB. 


Proof 


шетен | Reasons 


In triangles BED and AED, EL is the 
common perpendicular. 


нэ mE 1 | 
Area of ABED = xmBD «mEL .. (i)| Area of a A =—(base)(height) 


and Area of AAED == xmADxmeL .... (ii) 


Area of ABED mBD 


Thus == 
Area of AAED mAD 


.... (iii) | Dividing (i) by (ii) 
Similarly 


Area of ACDE mEC 
Area of AADE тАЕ 


(Areas of triangles with 
common base and same 
altitudes are equal) Given 
that ED||mCB , so altitudes 
are equal. 


But ABED=ACDE 


From (iii) and (iv), we have 


mDB mEC " mAD mAE 
mAD mAE  mDB mEC 


Taking reciprocal of both 


= ee eee ges sides. 
Hence MAD : mDB =mAE : mEC 


Observe that 
From the above theorem we also have 


mBD Е mCE sed mAD - mAE 
mAB = mAC mAB | mAC 
Corollaries 
mAD mAE — mAB | mAC — — 
lf == =, th DE || BC (b) If —— =—— then DE || BC 
(HF AB mac eo рв. mEC | 


Points to be noted 

(i) | Two points determine a line and three non-collinear points 
determine a plane. 

(ii) Aline segment has exactly one midpoint. 

(iii) If two intersecting lines form equal adjacent angles, the lines are 
perpendicular. 


Theorem 14.1.2 
(Converse of Theorem 14.1.1) 
If a line segment intersects the two sides of a triangle in 
the same ratio, then it is parallel to the third side. 


A 
Given 
In AABC, ED intersects AB and AC such 
that MAD : mDB = mAE : mEC E D 
To Prove | 2 С — B 
ED || CB a. 
БЕТ 


Construction НЫ 2 
If EDJf CB, then draw BF || DE to meet AC produced at F. 


Proof 


[ Statements — | Reasons 
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Construction 
3. In an equilateral triangle ABC shown in the figure, 


сл ee ee E 
MAE : MAC = MAD : MAB 
triangle divides the other two sides Find all the three angles of AADE and name it also. р C 
proportionally Theorem 14.1.1) 4. Prove that the line segment drawn through the mid-point of one 


side of a triangle and parallel to another side bisects the third side. 
5. Prove that the line segment joining the mid-points of any two sides 


From (i) and (ii) of a triangle is parallel to the third side. 
Theorem 14.1.3 
which is possible only if point F The internal bisector of an angle of a triangle divides the side 
is coincident with C. (Property of real numbers.) opposite to it in the ratio of the lengths of the sides containing the 
'. Our supposition is wrong angle. 18 
Hence ЕР|СВ Eo 
A ^ 
EXERCISE 14.1 y 
4 
1. In AABC, DE || BC. — — Ш А E 
(i) If MAD = 1.5cm, mBD = 3cm, MAE = 1.3cm, 
then find mCE. 7 Ч © р В 


(ii) If тА” = 2.4cm, ТАЕ = 3.2cm, mEC = 4.8cm, 
find mAB. B C Given u 
In AABC internal angle bisector of ZA meets CB at the point D. 


mAD 3 — — 
(iii) If mBB - апа mAC = 4.8cm, find mAE. 


To Prove 

(iv) If mAD - 2.4cm, mAE - 3.2cm, MDE = 2cm, MBC = 5cm, find mBD : MDC = mAB : mAC 

mAB, mDB, mAC, mCE. 
(V) If AD = 4x - 3, AE = 8x - 7, BD = 3x- 1, and СЕ = 5х - 3, find the Construction 

value of x. Draw a line segment BE | DA to meet СА produced at E. 

2. IfAABC is an isosceles triangle, ZA is vertex angleand 4 

DE intersects the sides AB and AC as shown in the Proof 
figure so that p/ —À& 
mAD : mDB » mAE : mEC. > Ар || EB and EC intersects them, | Construction 
Prove that AADE is also an isosceles triangle. A mzi-mz2 i) |Corresponding angles 


n E Again AD || EB 


©) 
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and AB intersects them. 
mz3-mz4  .... (1) | Alternate angles 
But mZ1 = mZ3 Given 
т/2 = 44 From (i) and (ii) 
and AB = AE or AE = AB In a A, the sides opposite to 
congruent angles аге also 
congruent. 
Construction 


Now AD || EB 

by Theorem 14.1.1 
or AE mEA = mAB (proved) 
Thus mBD : mDC = mAB : AC 
Theorem 14.1.4 


If two triangles are similar, then the measures of their 
corresponding sides are proportional. 


A D 


B C 


Given 
AABC ~ ADEF 
i.e., ZA = ZD, ZB = ZE and ZC = ZF 


To Prove 
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Construction 


(i) Suppose that mAB > mDE 


(ii) mAB < mDE 


On AB take a point L such that mAL = mDE. 
On AC take a point M such that mAM = mDF. Join L and M by 


the line segment LM. 


Proof 


Statements 


(i) In AALM «> ADEF 
ZA = ZD 
AL =DE 
AM = DF 
Thus AALM = ADEF 
and ZL2=ZE, КМ = ZF 


Now АЕ = ZB апа ZFz2 ZC 
L= ZB, АМ = ZC 
Thus LM || BC 


mAL 
тАВ | 
пое 
mAB 


Hence 
or 
Similarly by intercepting 


segments on BA and BC, we 
can prove that 


(ii) If mAB < mDE, it can 


Given 

Construction 

Construction 

S.A.S. Postulate 

(Corresponding angles of congruent 
triangles) 

Given 

Transitivity of congruence 
Corresponding angles are equal. 


by Theorem 14.1.1 


(construction) 


by (i) and (ii) 


by taking reciprocals 
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similarly be proved by taking REVIEW EXERCISE 14 


intercepts on the sides of ADEF. 
If mAB = mDE, 1. Which of the following are true and which are false? 


then AABC -> ADEF (i) | Congruent triangles are of same size and shape. ...... 
ХА Ур Given (ii) Similar triangles are of same shape but different sizes. ..... 
JE ZE Given (iii) ^ Symbol used for congruent is ....... 
AB = DE (iv) Symbol used for similarity is ‘=’. ...... 
AABC = ADEF A.S.A. = A.S.A. (v)  Congruent triangles are similar. ...... 
2 2 (vi) Similar triangles are congruent. ...... 
Thus === =——— = AC = DF, BC=EF (vii) Aline segment has only опе mid point. __...... 
(viii) One and only one line can be drawn through two 
Hence the result is true for all cases. points.  ..... 
(ix) Proportion is non-equality of two ratios. .... 
EXERCISE 14.2 (x)  Ratiohasnounit. . .... 
2. Define the following: 
A (i) ^ Ratio (ii) Proportion 
1. In AABC as shown in the figure, cb bisects ZC (iii) Congruent Triangles (iv) Similar Triangles 


2. In AABC shown in the figure, cB 


3. IN ALMN shown in the figure, MN || PQ 
(i) If mLM = 5cm, mLP = 2.5cm, mLQ = 2.3cm, 
then find mLN. 
(ii) If mLM = 6cm, mLQ = 2.5cm, mQN = 5cm, 
then find mLP. 
4. Inthe shown figure, let ТРА = 8x – 7, mPB = 4x - 3, 
mAQ = 5x — 3, mBR = 3x - 1. Find the value of x if А 
AB || QR. 


one triangle are congruent to the corresponding angles of the 5. In ALMN shown in the figure, [А bisects ZL. 
other, then the triangles are similar. If MLN = 4, mLM = 6, mMN = 8, then find 


and meets AB at D. mBD is equal to 
(а) 5 (b) 16 (c 10 (d) 18 


bisects ZC. If mAC = 3, mCB = 6 and 
mAB = 7, then find mAD and mDB. 


3. Show that in any correspondence of two triangles, if two angles of 


AX _mCX 177 AY 
4. If line segments AB and CD are intersecting at point X and ~== = ша mMA and mAN. 


then show that AAXC and ABXD are similar. mXB тр 
6. Іп isosceles APQR shown in the figure, find the | 


value of x and y. 


© 


Q 6cm y 
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SUMMARY 


In this unit we stated and proved the following theorems and gave 

some necessary definitions: 

* Aline parallel to one side of a triangle and intersecting the other 
two sides divides them proportionally. 

* Ifa line segment intersects the two sides of a triangle in the same 
ratio, then it is parallel to the third side. 

* The internal bisector of an angle of a triangle divides the side 
opposite to it in the ratio of the lengths of the sides containing 
the angle. 

* If two triangles are similar, then the measures of their 
corresponding sides are proportional. " 

e The ratio between two alike quantities is defined as a : b = ,, 
where a and b are the elements of the ratio. 

e Proportion is defined as the equality of two ratios i.e., a: b = c: d. 

e Two triangles are said to be similar if they are equiangular and 
corresponding sides are proportional. 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 

* prove that in a right-angled triangle, the square of the length of 
hypotenuse is equal to the sum of the squares of the lengths of the 
other two sides. (Pythagoras' theorem). 

* provethat if the square of one side of a triangle is equal to the sum 
of the squares of the other two sides, then the triangle is a right 
angled triangle (converse to Pythagoras' theorem). 


Introduction 

Pythagoras, a Greek philosopher and mathematician 
discovered the simple but important relationship between the sides 
of a right-angled triangle. He formulated this relationship in the form 
of a theorem called Pythagoras' Theorem after his name. There are 
various methods of proving this theorem. We shall prove it by using 
similar triangles. We shall state and prove its converse also and then 
apply them to solve different problems. 


Pythagoras Theorem 15.1.1 

In a right angled triangle, the square of the length of 
hypotenuse is equal to the sum of the squares of the lengths of 
the other two sides. 


Given 
|. AACB is a right angled triangle in which mC = 90° and mBC =a, 
MAC = b and mAB = c. 


To Prove 


C = а? + b? (2) 


15. Pythagoras' Theorem 


Construction 

Draw CD perpendicular from C on AB. 

Let mCD =h, mAD = x and mBD =y. Line segment CD splits AABC 
into two As ADC and BDC which are separately shown in the figures 
(il) -a and (ii) -b respectively. 


Proof (Using similar As) 


Statements 


In AADC «> ЛАСВ Refer to figure (ii) -a and (i) 
ZA = ZA 


ZADC = ZACB Construction - given, each angle = 90° 


20248 ZC and ZB, complements of ZA 
Congruency of three angles 

X (Measures of corresponding sides of 
b similar triangles are proportional) 
X 


AADC ~ AACB 


Again in ABDC «-АВСА Refer to figure (ii)-b and (i) 
ZB =~ ZB Common - self congruent 
ZBDC = ZBCA Construction - given, each angle = 90° 
ХС е ZA ZC and ZA, complements of 7B 
ABDC - ABCA Congruency of three angles 


(Corresponding sides of similar 
triangles are proportional) 


Supposition. 


By (I) and (II) 
epee Multiplying both sides by c. 


с^ = а? + р? 


Corollary 
In a right angled AABC, right angle at A, 


2 
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(i) AB2-BC-CA 
(ii) AC? = BC2—AB2 


Remark A B 
Pythagoras’ Theorem has many proofs. The one we have given 
is based on the proportionality of the sides of two similar triangles. 
For convenience As ADC and CDB have been shown separately. 
Otherwise, the theorem is usually proved using figure (i) only. 


Theorem 15.1.2 [Converse of Pythagoras’ Theorem 15.1.1] 

If the square of one side of a triangle is equal to the sum 
of the squares of the other two sides, then the triangle is a right 
angled triangle. 


Given 
In a AABC, mAB = c, MBC = a and mAC = b such that a? + b? = c? 


To Prove 
AACB is a right angled triangle. 


Construction шин 
Draw CD perpendicular to BC such that CD = CA. Join the points 
B and D. 


Proof 


Statements 


ADCB is a right-angled triangle. | Construction 
(108) = a2 + р2 Pythagoras theorem 
But а + р? = с Сімеп 


(твор = c 
or mBD =c 


Taking square root of both sides. 


15. Pythagoras’ Theorem 


Now in 
ADCB «-ЛАСВ 
CA=CA Construction 
BC = BC Common 
DB = AB Each side = c. 
ADCB = AACB S.S.S. 2 5.5.5. 
ZDCB = ZACB (Corresponding angles ofcongruent 
triangles) 
Construction 


But mDCB = 90° 
ZACB = 90? 
Hence the AACD is a right- 


angled triangle. 


Corollaries 

Let c be the longest of the sides a, b and c of a triangle. 
If a? + b? = c?, then the triangle is right. 
If a2 + b?» 2, then the triangle is acute. 
If a? + b? < C, then the triangle is obtuse. 


* 


EXERCISE 15 


1. Verify that the As having the following measures of sides are right 


- angled. 

(i) a=5cm, b-12cm, с= 13cm 
(ii) a=1.5cm, b=2 cm, с= 2.5 ст 
(iii) a=9cm, һб = 12 ст, с= 15cm 


(iv) а-16ст, b=30 cm, с = 34 ст 

2. Verify that a? + b?, а? - b? and 2ab are the measures of the sides of 
a right angled triangle where a and b are any two real numbers 
(а > b). 

3. The three sides of a triangle аге of measure 8, x and 17 
respectively. For what value of x will it become base of a right 
angled triangle? 

4. In a isosceles A, the base mBC = 28cm, and MAB = ТАС = 50cm. 
If mAD L mBC, then find 
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(vi) If hypotenuse of an isosceles right triangle is NE cm, then 
each of other side is of length 2 cm.  ...... 
2. Find the unknown value in each of the following figures. 


to each other. Prove that mAB? + mCD?- mAD? + mBC?. ü 
6. (i) In the AABC as shown in the figure, mZACB > (i) (ii) (iii) (iv) 
= 90? and CD 1 AE Find the lengths a, h and D 4 
b if mBD = 5 units and mAD = 7 units. 2 
A 10:28 x 13 cm 
1 | TN Tu Ke 
-— 1 : 15 сш 13 сш 3cm x 5cm 1 cm 
(ii) Find the value of x in the shown figure. 
B C 


(i) length of AD (ii) area of AABC 
5. InaquadrilateralABCD, the diagonalsAC and BDare perpendicular 


X — D 5cm 
Plane SUMMARY 

7. Aplaneis at a height of 300 m and is 

500 m away from the airport as shown 300 m In this unit we learned to state and prove Pythagoras' Theorem and 

in the figure. How much distance will its converse with corollaries. 

it travel to land at the airport? Жэн 500 ш С * |naright angled triangle, the square of the length of hypotenuse 
8. Aladder 17 m long rests against a vertical wall. The foot of the is equal to the sum of the squares of the lengths of the other two 

ladder is 8 m away from the base of the wall. How high up the sides. 

i * If the square of one side of a triangle is equal to the sum of the 


wall will the ladder reach? 


D 

9. Astudent travels to his school by the route squares of the other two sides then the triangle is a right angled 

as shown in the figure. Find mAD, the Выбр oim = triangle. 

direct distance from his house to school. m" E Moreover, these theorems were applied to solve some questions of 
practical use. 


A 
House 


REVIEW EXERCISE 15 


1. Which of the following are true and which are false? 

(i) In aright angled triangle greater angle is of 90°. ...... 

(ii) In a right angled triangle right angle is of 609. ..... 

(iii) In a right triangle hypotenuse is a side opposite to right 
angle. a... 

(iv) Ifa, b, care sides of right angled triangle with c as 
longer side, then c? = а? + b?...... 

(у) If 3cmand4cm are two sides of a right angled 


triangle, then hypotenuseis5 cm. . .... 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 

* Prove that parallelograms on the same base and lying between the 
same parallel lines (or of the same altitude) are equal in area. 

* Prove that parallelograms on equal bases and having the same 
altitude are equal in area. 

* Prove that triangles on the same base and of the same altitude are 
equal in area. 

* Prove that triangles on equal bases and of the same altitude are 
equal in area. 


Introduction 

In this unit we will state and prove some important theorems 
related with area of parallelograms andtriangles along with corollaries. 
We shall apply them to solve appropriate problems and to prove some 
useful results. 


Some Preliminaries 
Area of a Figure 

The region enclosed by the bounding lines of a closed figure 
is called the area of the figure. 

The area of a closed region is expressed in square units (say, 
sq. m or т?) i.e. a positive real number. 


Triangular Region 
The interior of a triangle is the part of the 
plane enclosed by the triangle. 
A triangular region is the union of a triangle 
and its interior i.e., the three line segments 
forming the triangle and its interior. B € 
By area of a triangle, we mean the area of its triangular region. 


Congruent Area Axiom 
If AABC = APQR, then area of (region AABC) = area of (region 
APQR) 
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Rectangular Region 
The interior of a rectangle is the part 
of the plane enclosed by the rectangle. 
A rectangular region is the union of a 
rectangle and its interior. A 3 
A rectangular region can be divided into two or more than two 
triangular regions in many ways. 
Recall that if the length and width of a rectangle are a units and 
b units respectively, then the area of the rectangle is equal toa x b 
square units. 
If a is the side of a square, its area = a? square units. 


Between the same Parallels 

Two parallelograms are said to be between 
the same parallels, when their bases are in the 
same straight line and their sides opposite to B C F G 
these bases are also in a straight line; as the parallelograms ABCD, 
EFGH in the given figure. 

Two triangles are said to be between the same 4 D 
parallels, when their bases are in the same straight 
line and the line joining their vertices is parallel A 


their bases; as the As ABC, DEF in the given figure. В С Е F 


A D E H 


A triangle and a parallelogram are said to д D G 
be between the same parallels, when their 
bases are in the same straight line, and the S/S 
side of the parallelogram opposite the base, B CE F 


produced if necessary, passes through the vertex of the triangle as 
are the AABC and the parallelogram DEFG in the given figure. 


Definition 

If one side of a parallelogram is taken as its base, the perpendicular 
distance between that side and the side parallel to it, is called the 
Altitude or Height of the parallelogram. 


(3) 
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Definition 

If one side of a triangle is taken as its base, the perpendicular to 
that side, from the opposite vertex is called the Altitude or Height of 
the triangle. 


Useful Result 

Triangles or parallelograms placed between 
the same or equal parallels will have the same or 
equal altitudes or heights. BLC E MF 
Place the triangles ABC, DEF so that their bases BC, EF are in the same 
straight line and the vertices on the same side of it, and suppose AL, 
DM are the equal altitudes. We have to show that AD is parallel to 
ВСЕЕ. 


Proof 
AL and DM are parallel, for they are both perpendicular to BF. 
Also mAL = mDM. (given) 
г AD is parallel to LM. 
A similar proof may be given in the case of parallelograms. 


Useful Result 
A diagonal of a parallelogram divides it into two congruent 
triangles (S.S.S.) and hence of equal area. 


Theorem 16.1.1 
Parallelograms on the same base and between the same 
parallel lines (or of the same altitude) are equal in area. 
Given 
Two parallelograms ABCD and ABEF having the same base AB 
and between the same parallel lines AB and DE. 
F i E C 


о 
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To Prove 
area of parallelogram ABCD = area of parallelogram ABEF 


Proof 
area of (parallelogram ABCD) 
= area of (quad. ABED) + area of (ACBE) ... (1) | [Area addition axiom] 
area of (parallelogram ABEF) 
= area of (quad. АВЕО) + area of (ADAF) ... (2) | [Area addition axiom] 
In As CBE and DAF 
[opposite sides of a 
mCB = mDA parallelogram] 
mBE = mAF [opposite sides of a 
parallelogram] 
mZCBE = mZDAF |. BC || AD, BE || AF] 
ACBE = ADAF [S.A.S. cong. axiom] 
-. area of (ACBE) = area of (ADAF) ..(3) сопе. area axiom] 
Hence area of (parallelogram ABCD) 
= area of (parallelogram ABEF) 


from (1), (2) and (3) 


Corollary 

(i) |The area of a parallelogram is equal to that of a rectangle on the 
same base and having the same altitude. 

(ii) Hence area of parallelogram = base x altitude 


Proof 

Let ABCD be a parallelogram. AL is an altitude corresponding to 
side AB. 
(i) | Since parallelogram ABCD and rectangle ALMB are on the same 


base AB and between the same parallels, L D M C 
- by above theorem it follows that 
area of (parallelogram ABCD) = area of | 

(rect. ALMB) А B 


(ii) But area of (rect. ALMB) = AB X AL 
Hence area of (parallelogram ABCD) = AB X AL. 


©) 
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Theorem 16.1.2 
Parallelograms on equal bases and having the same (or 
equal) altitude are equal in area. 
A D E H 
Given 
Parallelograms ABCD, EFGH are on the 
equal bases BC, FG, having equal altitudes. 


To Prove 
area of (parallelogram ABCD) = area of (parallelogram EFGH) 


Construction 
Place the parallelograms ABCD and EFGH so that their equal 
bases BC, FG are in the straight line BCFG. Join BE and CH. 


Proof 
| Statements — | Reasons | 
The given |["* ABCD and EFGH are|Their altitudes are equal 
between the same parallels (given) 
Hence ADEH is a straight line || BC 
mBC = mFG Given 
- mEH EFGH is a parallelogram 
Now mBC = mEH and they are || 
л BE and CH are both equal and || 
Hence EBCH is a parallelogram A quadrilateral with 
two opposite sides 
congruent and parallel is 
a parallelogram 
Now Area of ||" ABCD = Area of |" EBCH | Being on the same base 
BC and between the 
same parallels 
Being on the same base 
But Area of ||" EBCH = Area of ||" EFGH | EH and between the 
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same parallels 
Hence area (|E" ABCD) = area (|E" EFGH) | From (i) and (ii) 


EXERCISE 16.1 


1. Show that the line segment joining the mid-points of opposite sides 
of a parallelogram, divides it into two equal parallelograms. 

2. In a parallelogram ABCD, mAB = 10 cm. The altitudes corresponding 
to sides AB and AD are respectively 7 cm and 8 cm. Find AD. 

3. If two parallelograms of equal areas have the same or equal bases, 
their altitudes are equal. 


Theorem 16.1.3 
Triangles on the same base and of the same (i.e. equal) 
altitudes are equal in area. 
Given k = Е 
^s АВС, ОВС оп the same base ВС, and 
having equal altitudes. 


To Prove 
area of (AABC) = area of (ADBC) 


Construction 
Draw BM || to CA, CN | to BD meeting AD produced in M, N. 
Proof 
A ABC and A DBC are between the same || |Their altitudes are equal 
Hence MADN is parallel to BC 
Area (| " BCAM) = Area (|? BCND) These ||" are on the same 


same ||’ 
Each diagonal of a |8" 
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congruent triangles 
and Area of ADBC - 5 (Area of (|е BCND) 


Hence Area (A ABC) = Area (A DBC) From (i), (ii) and (iii) 
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ч area (AABC) = area (ADEF) 
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and area of ADFE = 2 area ОГ(| "ЕРҮО) 


From (i), (ii) and (iii) 


Triangles on equal bases and between the same parallels are 


2. Triangles having a common vertex and equal bases in the same 


straight line, are equal in area. 


EXERCISE 16.2 


Show that a median of a triangle divides it into two triangles of 


Theorem 16.1.4 Corollaries 
Triangles on equal bases and of equal altitudes are equal in 1. 
area. equal in area. 
x A D Y 
N / 
* j 

Given B CE 

As ABC, DEF on equal base BC, EF and having altitudes equal. 1. 

equal area. 

To Prove 2. 


Area of (A ABC) = Area of (A DEF) 


Construction 


3. Divide a triangle into six equal triangular parts.P 


Place the As ABC and DEF so that their equal bases BC and EF are 
in the same straight line BCEF and their vertices on the same side of 
it. Draw BX || CA and FY | ED meeting AD produced in X, Y respectively. 


Proof 1. 
| — Statements — | Reasons | (i) 
ДАВС, ADEF are between the same|Their altitudes are equal 
parallels (given) 

XADY is || to BCEF 
. area (\|2" BCAX) = area (||2" EFYD) 


(ii) 
(iii) 
(iv) 


These |2" are on equal bases 


and between the (v) 


parallels 


same 


(vi) 


Prove that a parallelogram is divided by its diagonals into four 
triangles of equal area. 


REVIEW EXERCISE 16 


Which of the following are true and which are false? 


Area of a figure means region enclosed by bounding lines 
of closed figure. 

Similar figures have same area. 

Congruent figures have same area. 

A diagonal of a parallelogram divides it into two non- 
congruent triangles. 

Altitude of a triangle means perpendicular from vertex to 
the opposite side (base). 

Area of a parallelogram is equal to the product of base 


and height. 
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2. Find the area of the following. 


(i) (ii) 
m 
4 cm 


8 cm 4) 
S= / 16 cm 
3. Define the following 
(i) Area of a figure (ii) Triangular Region 
(iii) Rectangular Region (iv) Altitude or Height of a triangle 
SUMMARY 


In this unit we mentioned some necessary preliminaries, stated and 

proved the following theorems alongwith corollaries, if any. 

* Area of a figure means region enclosed by the boundary lines of 
a closed figure. 

* Atriangular region means the union of triangle and its interior. 

e By area of triangle means the area of its triangular region 

* Altitude or height of a triangle means perpendicular distance to 
base from its opposite vertex. 

* Parallelograms on the same base and between the same parallel 
lines (or of the same altitude) are equal in area. 

* Parallelograms on equal bases and having the same (or equal) 
altitude are equal in area. 

* Triangles on the same base and of the same (i.e. equal) altitudes 
are equal in area. 

* Triangles on equal bases and of equal altitudes are equal in area. 
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Students Learning Outcomes 


After studying this unit, the students will be able to: 

* Construct a triangle having given: two sides and the included 
angle, one side and two of the angles, two of its sides and the angle 
opposite to one of them and two of them angles, two of its sides and 
the angle opposite to one of them (with all the three possibilities). 

* Draw: angle bisectors, altitudes, perpendicular bisectors, medians, 
of a given triangle and verify their concurrency. 

* Constructa triangle equal in area to a given quadrilateral. Construct 
a rectangle equal in area to a given triangle. Construct a square 
equal in area to a given rectangle. Construct a triangle of equivalent 
area on a base of given length. 


Introduction 

In this unit we shall learn to construct different triangles, 
rectangles, squares etc. The knowledge of these basic constructions 
is very useful in every day life, especially in the occupations of wood- 
working, graphic art and metal trade etc. Intermixing of geometrical 
figures is used to create artistic look. The geometrical constructions 
are usually made with the help of a pair of compasses, set squares, 
dividers and a straight edge. 


Observe that 
If the given line segments are too big or too small, a suitable 
scale may be taken for constructing the figure. 


17.1 Construction of Triangles 
(a) To construct a triangle, having given two sides and the 
included angle. 
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Given 


Two sides, say 
mAB = 4.6cm and mAC = 4cm and the included angle, mZA = 60°. 


Required 
To construct the AABC using given information of sides and the 
included angle = 260° 


Construction: 

(i) Drawa line segment mAB = 4.6cm 

(ii) At the end A of AB make mZBAC = 260° 

(iii) Cut off MAC = 4cm from the terminal side of 760°. 
(iv) Join BC 

(v) Then ABC is the required A. 


(b) To construct a triangle, having given one side and two of the 
angles. 


A 5 cm B 


Given 
The side mAB = 5cm, say and two of the angles, say 
mZA=60° and т/4В = 60°. 


Required 
To construct the AABC using given data. 
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Construction: 

(i) Draw a line segment mAB = 5cm 

(ii) At the end A of AB make mZBAC = 260° 

(iii) At the end point B of BA make mZABC = 260° 
(iv) The terminal sides of these two angles meet at C. 
(v) Then ABC is the required A. 


Observe that 

When two angles of a triangle are given, the third angle can be 
found from the fact that the sum of three angles of triangle is 180°. 
Thus two angles being known, all the three are known, and we can 
take any two of these three angles as the base angles with given side 
as base. 


(c) Ambiguous Case 
To construct a triangle having given two of its sides and the 
angle opposite to one of them. 


Figure (a) Figure (b) 


Given 
Two sides a, c and mZA = a opposite to one of them, say a. 


Required 
To construct a triangle having the given parts. 


о 
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Construction: 
(i) Draw a line segment AD of any length. 

(ii) ACA make mzZDAB = т/А = о 

(iii) Cut off AB = c. 

(iv) With centre B and radius equal to a, draw an arc. 
Three cases arise. 


Case | 

When the arc with radius a cuts AD in two distinct points C and C' 
as in Figure (a). Joint BC and BC’. 

Then both the triangles ABC and ABC' have the given parts and are 
the required triangles. 


Case Il 
When the arc with radius a only touches AD at C, as in Figure (b). 
Join BC. 

Then AABC is the required triangle angled 
at C. 


Case Ill 

When the arc with radius a neither cuts nor С 
touches AD as in Figure (c). a 

There will be no triangle in this case. Figure (c) 


Note: Recall that in a AABC the length of the side opposite to ZA is 
denoted by a, opposite to ZB is denoted by b and opposite to ZC is 
denoted by c. 


EXERCISE 17.1 


1. Construct AABC in which 
(i) тАВ = 3.2ст, mBC = 4.2cm, mCA = 5.2cm 
(ii) mAB=4.2cm, mBC = 3.9cm, | mCA=3.6cm 
(iii) mAB = 4.8cm, mBC =3.7cm, | mZB- 60° 
(iv) mAB=3cm, mAC=3.2cm, | mZA = 45° 
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(v) ТАВ = 4.2ст, mCA-23.5cm, тС = 75° 
(vi) mAB = 2.5cm, mZA = 30°, mZB = 105° 
(vii) mAB = 3.6cm, mZA = 75°, mZB = 45° 
2. Construct AXYZ in which 
(i) mYZ=7.6cm, mXY = 6.1ст and mZX= 90° 
(ii) ^ mZX = 6.4cm, mYZ=2.4cm and  mZX- 90° 
(iii) mXY = 5.5cm, mZX=4.5cm and  mZZ- 90°. 
3. Construct a right-angled A measure of whose hypotenuse is 5 
cm and one side is 3.2 cm. (Hint: Angle in a semi-circle is a right 


angle). 
4. Construct a right-angled isosceles triangle whose hypotenuse is 
(i) 5.2 cm long 


[Hint: A point on the right bisector of a line segment is 
equidistant form its end points.] 
(ii) 4.8 cm (iii) 6.2 cm (iv) 5.4 cm 
5. (Ambiguous Case) Construct a AABC in which 
(i) mAC=4.2cm, тАВ = 5.2cm, mZB = 45? (two As) 
(ii) mAC = 2.5cm, mAB - 5.0cm, mZA = 30? (one As) 
(iii) mBC = 5cm, mAB = 3.5cm, mZB = 60° 


Definitions 

Three or more than three lines are said to be concurrent, if 
they all pass through the same point. The common point is called 
the point of concurrency of the lines. The point of concurrency has 
its own importance in geometry. They are given special names. 


(i) The internal bisectors of the angles of a triangle meet at a 
point called the incentre of the triangle. 

(ii) The point of concurrency of the three perpendicular bisectors 
of the sides of a A is called the circumcentre of the Л. 

(iii) The point of concurrency of the three altitudes ofa A is called 
its orthocentre. 

(iv) The point where the three medians of a A meet is called the 
centroid of the triangle. 
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17.1.1 Drawing angle bisectors, altitudes etc. 


(a) Draw angle bisectors of a given triangle and verify their 
concurrency. 


Example 

(i) _ Construct AABC having given 
mAB = 4.6cm, mBC = 5cm and 
MCA = 5.1cm. 

(ii) | Draw its angle bisectors and verify that 46cm 
they are concurrent. 


Given 2 
The side mAB = 4.6cm, mBC = 5cm and 
mCA = 5.1cm of a AABC. 


Required 
(i) To construct AABC. 
(ii) To draw its angle bisectors and verify their concurrency. 


Construction 

(i) Take mBC = 5cm. 

(ii) With B as centre and radius mBA - 4.6cm draw an arc. 

(iii) With C as centre and radius mCA = 5.1cm draw another arc which 
intersects the first arc at A. 

(iv) Join BA and CA to complete the AABC. 

(v) Draw bisectors of ZB and ZC meeting each other in the point I. 

(vi) Now draw bisector of the third ZA. 

(vii) We observe that the third angle bisector also passes through the 
point І. 

(viii) Hence the angle bisectors of the AABC are concurrent at I, which 
lies within the A. 


Note: Recall that the point of concurrency of bisectors of the angles 
of triangle is called its incentre. (7) 
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(b) Draw altitudes of a given triangle and verify their concurrency. 


Example v. 

(i) Construct a triangle ABC in which 
mBC = 5.9cm, mZB = 56? and 
mZC = 44°. 

(ii) Draw the altitudes of the triangle 
and verify that they are concurrent. 


X 
ын 
bj 


Given | 
The side mBC = 5.9cm and 
mZB = 56?, mzC = 44°, 


Required 
(i) To Construct AABC. 
(ii) To draw its altitudes and verify their concurrency. 


Construction 

(i) Таке mBC = 5.9ст. 

(ii) Using protractor draw mZCBA = 56° апа mZBCA = 44° to complete 
the AABC 

(iii) From the vertex A drop AP 1 BC. 

(iv) From the vertex B drop BQ 1 CA. These two altitudes meet in the 
point O inside the AABC. 

(у) Now from the third vertex C, drop CR LAB. 

(vi) We observe that this third altitude also passes through the point 
of intersection O of the first two altitudes. 

(vii) Hence the three altitudes of AABC are concurrent at O. 


Note: Recall that the point of concurrency of the three altitudes of a 
triangle is called its orthocentre. 


(c) Draw perpendicular bisectors of the sides of a given triangle 
and verify their concurrency. 
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Example 

(i) Construct a AABC having given mAB = 4cm, mBC = 4.8cm and 
mAC - 3.6cm. 

(ii) Draw perpendicular bisectors of its sides and verify that they 
are concurrent. 


Given 


Three sides mAB = 4cm, mBC = 4.8cm and mAC = 3.6cm of a AABC. 


Required 

(i) To Construct AABC. 

(ii) To draw perpendicular bisectors of its sides and to verify that 
they are concurrent. 


B KaR ОК C 
VI 
A^ TP ` 


Ж 
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Construction 

(i) Таке mBC = 4.8cm. 

(ii) With B as centre and radius MBA = 4cm draw an arc. 

(iii) With C as centre and radius mCA = 3.6cm draw another arc that 
intersects the first arc at A. 

(iv) Join BA and CA to complete the AABC. 

(v) Draw perpendicular bisectors of BC and CA meeting each other 
at the point O. 

(vi) Now draw the perpendicular bisector of third side AB. 

(vii) We observe that it also passes through O, the point of intersection 
of first two perpendicular bisectors. 
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(viii) Hence the three perpendicular bisectors of size of AABC are 
concurrent at O. 


Note: Recall that the point of concurrency of the perpendicular 
bisectors of the sides of a triangle is called its circumcentre. 


(d) Draw medians of a given triangle and verify their concurrency 


Example 

(i) Construct a AABC in which mAB = 4.8cm, mBC = 3.5cm and 
mAC = 4cm. 

(ii) Draw medians of AABC and verify that they are concurrent at 
a point within the triangle. By measurement show that the 
medians divide each other in the ratio 2: 1. 


Given 
Three side mAB = 4.8cm, mBC = 3.5cm and mAC = 4cm of a AABC. 


Required 
(i) To Construct AABC. 
(ii) Draw its medians and verify their concurrency. 


A “A. р! S В 
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Construction 
(i) Take mAB - 4.8cm. 2 
(ii) With A as centre and mAC = 4cm as radius draw an arc. 
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(iii) With B as centre and radius mBC = 3.5cm draw another arc which 
intersects the first arc at C. 

(iv) Join AC and BC to get the AABC. 

(v) Draw perpendicular bisectors of the sides AB, BC and CA of the 
AABC and mark their mid-points Р, Q and R respectively. 

(vi) Join A to the mid-point Q to get the median AQ. 

(vii) Join B to the mid-point R to get the median BR. 

(viii) The medians AQ and BR meet in the point G. 

(ix) Now draw the third median CP. 

(x) We observe that the third median also passes through the point 
of intersection G of the first two medians. 

(xi) Hence the three medians of the AABC pass through the same 
point G. That is, they are concurrent at G. By measuring, 
AG: GQ =2:1 etc. 

Note: Recall that the point of concurrency of the three medians of a 

triangle is called the centroid of the AABC. 


EXERCISE 17.2 


1. Construct the following A’s ABC. Draw the bisectors of their angles 
and verify their concurrency. 

(i) mAB=4.5cm, mBC =3.1cm, mCA=5.2cm 
(ii) mAB = 4.2cm, mBC = 6cm, mCA = 5.2cm 
(iii) mAB=3.6cm, | mBC-42cm, ТАВ = 75°. 

2. Construct the following A's PQR. Draw their altitudes and show 
that they are concurrent. 

(i) mPQ=6cm, mQR = 4.5cm, mPR = 5.5ст 
(i) mPQ=4.5cm, | mQR-3.9cm, ТАА = 45° 
(iii) mRP =3.6cm, mZQ = 30°, mZP = 105°. 

3. Construct the following triangles ABC. Draw the perpendicular 
bisectors of their sides and verify their concurrency. Do they meet 
inside the triangle? 

(i) mAB=5.3cm, mZA = 45°, mZB = 30° 
(1) mBC=2.9cm, mZA = 30°, m2ZB = 60° 
(iii) mAB = 2.4cm, mAC-3.2c0m, ТАА = 120°. 
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4. Construct the following As XYZ. Draw their three medians and 
show that they are concurrent. 


(i) mYZ=4.1cm, mZY = 60°, mZX= 75° 
(ii) mXY=4.5cm, mYZ = 3.4cm, mZX = 5.6cm 
(iii) mZX = 4.3cm, inx-752 mZY = 45° 


17.2 Figures with Equal Areas 
(i) Construct a triangle equal in area to a given quadrilateral. 


Given 
A quadrilateral ABCD. 


Required 
To construct a A equal in area to quadrilateral ABCD. 


Construction 

(i) Join AC. 

(ii) Through D draw DP || CA, meeting BA produced at P. 
(iii) Join PC. 

(iv) Then PBC is the required triangle. 


Observe that 
As APC, ADC stand on the same base AC and between the same 
parallels AC and PD. 
Hence AAPC = AADC 
ЛАРС + AABC = AADC + AABC or APBC = quadrilateral ABCD. 


EXERCISE 17.3 


1. (i) Construct a quadrilateral ABCD, having MAB = mAC = 5.3cm, 
mBC = mCD = 3.8cm and mAD = 2.8cm. 
(ii) On the side BC construct a A equal in area to the quadrilateral 
ABCD. 
2. Construct a A equal in area to the quadrilateral PQRS, having 
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MQR = 7cm, MRS = бст, MSP = 2.75cm. mZQRS = 60°, and 
mZRSP = 90°. 1 
[Hint: 2.75 = X 5.5] 

3. Construct a A equal in area to the quadrilateral ABCD, having 
mAB = 6cm, MBC = 4cm, MAC = 7.2cm, mZBAD = 105°, and 
mBD = 8cm. 

4. Construct a right-angled triangle equal in area to 
a given square. 


Given 
AABC 


Required 
To construct a rectangle equal in area 
to AABC. 


Construction 

(i) Take a AABC. 

(ii) Draw DP, the perpendicular bisector 
of BC. 

(1) Through the vertex A of AABC draw РАО || BC intersecting PD at P. 

(iv) Take mPQ = mDC. 

(v) Join О and C. 

(vi) Then CDPQ is the required rectangle. 


Example 
Construct a parallelogram equal in area to a given triangle having 
one angle equal to a given angle. 


Given 
AABC and Za. 
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(v) On DM as a side construct a square DFLM. 


Required A E F 
To construct a parallelogram equal in ҲИ This shall be the required square. 
area to AABC and having one angle = Za ГЭ 
a Example 
IS Construct a square equal in area to a given triangle. 


Construction B DI C 
(i) Bisect BC at D. 
(ii) Draw DE making ZCDE = Za Y 
(1) Draw AEF || to BC cutting DE at E. 
(iv) Cut off EF- DC. Join C and F. 
Then CDEF is the required parallelogram. 


EXERCISE 17.4 


1. Construct a A with sides 4 cm, 5 cm and 6 cm and construct a 
rectangle having its area equal to that of the A. Measure its 
diagonals. Are they equal? 

2. Transform an isosceles A into a rectangle. 

3. Construct a AABC such that mAB = 3cm, MBC = 3.8cm, mAC = 4.8cm. 
Construct a rectangle equal in area to AABC, the and measure its 


Required 
To construct a square equal in area to AABC. 


sides. 
" . . Construction 
(iii) Construct a square equal in area to a given rectangle. (i) Draw PAQ | ВС. 
| (ii) Draw the perpendicular bisector of BC, bisecting it at D and 
Given meeting РАО at P. 
A rectangle ABCD. (iil) Draw CQ 1 РО meeting it in Q. 
| (iv) Take a line EFG and cut off EF = DP and FG = DC. 
Required | (v) Bisect EG at O. 
To construct a square equal in area to (vi) With O as centre and radius = OE draw a semi - circle. 
rectangle ABCD. (vii) At F draw FM 1 EG meeting the semi - circle at M. 


| (viii) With MF as а side, complete the required square FMNR. 
Construction 


(i) Produced AD to E making mDE = mCD. 

(ii) Bisect AE at О. 

(iii) With centre O and radius OA describe a semi - circle. 
(iv) Produced CD to meet the semi - circle in M. 


@) 


(iv) Construct a triangle of equivalent area on a base of given 
length. 
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Given 
AABC 


Required 
To construct a triangle with base x and having area equivalent to 
area AABC. 


Construction 

(i) Construct the given AABC. 

(ii) Draw AD || BC. 

(iii) With B as centre and radius = x, draw an arc cutting AD in M. 

(iv) Join BM and CM. 

(v) Then BCM is the required triangle with base BM - x and area 
equivalent to AABC. 


EXERCISE 17.5 


1. Construct a rectangle whose adjacent sides are 2.5 cm and 5 cm 
respectively. Construct a square having area equal to the given 
rectangle. 

2. Construct a square equal in area to a rectangle whose adjacent 
sides are 4.5 cm and 2.2 cm respectively. Measure the sides of 
the square and find its area and compare with the area of the 
rectangle. 

3. In Q.2 above verify by measurement that the perimeter of the 
square is less than that of the rectangle. 

4. Construct a square equal in area to the sum of two squares 
having sides 3 cm and 4 cm respectively. 

5. Construct a A having base 3.5 cm and other two sides equal to 
3.4 cm and 3.8 cm respectively. Transform it into of a square equal 


square area. 
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6. Construct a A having base 5 cm and other sides equal to 5 cm 
and 6 cm. Construct a square equal in area to given A. 


REVIEW EXERCISE 17 


1. Fillin the following blanks to make the statement true: 

(i) The side of a right angled triangle opposite to 90° is called ...... 

(ii) The line segment joining a vertex of a triangle to the mid-point 
of its opposite side is called a...... 

(iii) A line drawn from a vertex of a triangle which is ...... to its 
opposite side is called an altitude of the triangle. 

(iv) The bisectors of the three angles of a triangle are ...... 

(v) The point of concurrency of the right bisectors of the three 
sides of the triangle is ...... from its vertices. 

(vi) Two or more triangles are said to be similar if they are 
equiangular and measures of their corresponding sides are .... 

(vii) The altitudes of a right triangle are concurrent at the ...... of the 
right angle. 

2. Multiple Choice Questions. Choose the correct answer. 


3. Define the following 

(i) Incentre (ii) Circumcentre 
(iii) Ortho centre (iv) Centroid 

(v) Point of concurrency 


SUMMARY 


In this unit we learntthe construction of following figures and relevant 
concepts: 
* To construct a triangle, having given two sides and the included 


angle. 
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* Toconstruct a triangle, having given one side and two of the angles. 

* To construct a triangle having given two of its sides and the angle 
opposite to one of them. 

* Drawangle bisectors of a given triangle and verify their concurrency. 

* Draw altitudes of a given triangle and verify their concurrency. 


* Draw perpendicular bisectors of the sides of a given triangle and 
verify their concurrency. 

* Draw medians of a given triangle and verify their concurrency. 

* Construct a triangle equal in area to a given quadrilateral. 

* Construct a rectangle equal in area to a given triangle. 

* Construct a square equal in area to a given rectangle. 

* Construct a triangle of equivalent area on a base of given length. 

* Three or more than three lines are said to be concurrent if these 
pass through the same point and that point is called the point of 
concurrency. 

* The point where the internal bisectors of the angles of a triangle 
meet is called incentre of a triangle. 

* Circumscentre of a triangle means the point of concurrency of the 
three perpendiculars bisectors of the sides of a triangle. 

* Median of a triangle means a line segment joining a vertex of a 
triangle to the midpoint of the opposite side. 

* Orthocentre of a triangle means the point of concurrency of three 
altitudes of a triangle. 


